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Abstract

Let f: C*""! — C be a germ of hypersurface with isolated singularity. The
variation of mixed Hodge structure associated to the Milnor fibration of f
is polarized and can be extended over the puncture using the gluing data
of the local system of the variation of mixed Hodge structure associated to
f. The extended fiber can be explained as {2y the module of relative dif-
ferentials of f which is also isomorphic to the Jacobi algebra associated to
f. A MHS structure is also defined on the new fiber {2;. We show that the
polarization on the extended fiber is a modification of Grothendieck residue
product. In this way Grothendieck residue induces a set of forms {}/Be\sk}
which define polarizations on the primitive subspaces of pure Hodge struc-
tures GT’ZVQ 7. The extension procedure using some gluing isomorphisms
always defines an opposite filtration to the limit Hodge filtration by the
works of M. Saito, P. Deligne and G. Pearlstein. The above form polarizes
the complex variation of Hodge structure defined by G. Pearstein et. al.
According to this we formulate a Riemann-Hodge bilinear relations for the
Grothendieck residue on €25 (and the same for the Jacobi algebra of f). We
also discuss on an R-splitting for the Deligne-Hodge bigrading of the MHS
in this case using a theorem of Cattani-Kaplan-Schmid. The formulation
of Riemann-Hodge relations allows to associate a signature to the modified
Grothendieck residue pairing. We generalize these results for any admissible
normal crossing PVMHS with quasi-unipotent monodromy. An application
of this to extension of Neron models of pure Hodge structure is also given.
As other application we provide a proof of semi-definiteness of Hochster

Theta pairing.
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Chapter 1

Introduction

1.0.1 Classical Hodge theory

It was first observed by W. Hodge that the cohomologies of a smooth com-
plex projective variety X (more generally any compact Kahler manifold)

admits an additional structure as:

VkeN,H¥(X,C)= @ HP(X), H" =HPI (1.1)

pt+q=k
where HP9(X) = HY(X,Q%), is the Dolbeault cohomology. Such a de-
composition property for a vector space is classically called a pure Hodge
structure. There is an important point to be mentioned. That is the vector
space H¥(X,C) has an structure defined over Q (or even Z) coming from
H*(X,Q). The decomposition in (1.1) can also be equivalently explained by
the existence of a decreasing filtration F? := @,>,H"* on H¥(X,C). An-
other point in (1.1) is the integer & , called the weight of the Hodge structure,
which plays an important role. The cohomology of a non-compact Kahler
manifold, or a non-projective smooth quasi-projective variety does not usu-
ally satisfy this decomposition. Singularities of varieties also prevent such a
decomposition (although the Q-structure still exists), [SA1]. A more com-
plicated structure holds in the latter cases, which is referred to as mixed
Hodge structure. In which the vector space has a filtration W defined over

Q whose graded pieces satisfies (1.1).

A. Grothendieck in his comparison theorem, shows that

H! (X/C) :=H'(X,Q%) = H'(X",C) (1.2)

where H'(X, Q%) stands for hypercohomology of the complex of sheaves
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of holomorphic differential forms on X. This isomorphism is given by in-
tegration of algebraic differential forms along homology cycles, and is the
base knowledge to define periods. The comparison theorem enables us to
calculate the cohomology of the complement to a hyper-surface (or more
generally a normal crossing divisor) in projective space (resp. a projective
manifold) by means of the cohomology classes generated by rational differen-
tial forms. Using a spectral sequence argument Deligne [D1] shows that the
cohomologies of complement of a normal crossing divisor has also a mixed
Hodge structure. J. Steenbrink establishes a mixed Hodge structure (limit
MHS) on the cohomologies of fibers of a projective map f : X — S, by
using Hironaka resolution of singularities, followed by a spectral sequence
(of a double complex) associated to the natural stratification by the nor-
mal crossing divisor. In this way we are concerned with Q-local systems
that have mixed Hodge structures. The information of such local system is
reflected in a representation of local monodromies.

For a smooth proper morphism f : X — S of algebraic varieties/C, there
exists a canonical isomorphism H’,(X/S) = R'f¢"(C) @¢ Ogan, [SP] sec.
10.4. The presence of the locally constant sheaf H = R’ f,(C) provides a flat
(Gauss-Manin) connection on H’,(X/S). This is by the Riemann-Hilbert
correspondence. Assume S is one dimensional, and locally like the disc.
When the family of varieties X; defined by the morphism f degenerates
at the point 0 € S, then the Gauss-Manin connection has a singularity at
the point 0. This singularity is regular. The notion of regular connection
generalizes the classical notion of a differential equation with a regular sin-
gular point. We are interested to local systems that have Hodge structure.
That is we have a decreasing filtration FPH*(X;,C). This happens if the
fibers X; are projective varieties. Then the monodromy on the vector space
H™(X;,C) is quasi-unipotent, and one of the important facts we have is the

Griffiths transversality

VFP C FP1 @ Qf

The regular singular connections can be explained via Deligne canonical
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extension. Assume (JH,V) is an analytic vector bundle with an integrable
connection on a complex manifold S, with S < S as a Zariski open dense
submanifold. Choose a multivalued flat frame (A:(2), ..., A, (2)) for H, over
a small neighbourhood of p € S — S. Let M = M,.M, be the Jordan
decomposition of a monodromy around p, where M, = diag(dy) is the semi-

simple and M, is uni-potent upper-triangular. Set N = 2_71Z log M,. Let

si(A)(z) = exp(N log(z)).4i(2) (1.3)

si(A)(z) is a single valued section of H over U. Furthermore, {s;(A)}<i<n
provide a frame for a holomorphic extension H of the bundle. In brief The
Deligne extension of H, is the vector bundle on S whose sections are given
by (1.10). It is isomorphic to H and its sections have moderate growth
near the boundary points. The notation for Deligne extension is usually
1y where t is the coordinate on S. Sometimes this notation is used for the
sheaf sections of the aforementioned vector bundle. Deligne extension is a
basic toll to study local systems which have origins in Hodge theory. This
notion should not be confused with other notions of extensions that exists
for variation of Hodge structures. In this text we use a notion of extension
for PVMHS which is called minimal extension in the literature. A concrete
example of this concept has been explained in section 8.5 in the special case
of isolated hypersurface singularity.

P. Griffiths [G1] studied properties of integrals of algebraic functions in
terms of the period matrix space and period map. Considering the Hodge

filtration FP H™(X};) only, we can associate a flag in H to every point ¢ in .S,

H=F'>F'>.oF"™"=0 (1.4)

and hence obtain a point F}® in a flag manifold. We obtain a period map

»:8S—D (1.5)

In coordinates the period map is given by periods of integrals. In fact the

definition of ® needs some modifications, since as ¢ moves round a loop in
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S, the identification of H™(X;) with itself need not to be identity. We have
to consider a map ® : H — D of the universal cover of S, or a map ® from

S to a quotient of D by some group. Therefore, a period map is of the form

®:5S—DJT

where I' is the monodromy group. The domain D parametrizes the Hodge
filtrations with the same Hodge numbers and polarization is classically re-
ferred as the period domain. It is convenient to consider a period domain
D as an open subset of a complex manifold D namely its compact dual,
to inherit complex structure on it. This is usually done using the fact that
the automorphism group G of the polarization, acts transitively on D (by
basic linear algebra). The extension of the map ® is the major content of
asymptotic Hodge theory in the study of degeneration of Hodge structure.
For local systems of Hodge structures on manifolds, locally a period map
looks like

O (AY)" x A" — D/T (1.6)
as it is equivalent its lifting,

d:H x A" =D (1.7)

where H is the upper half plane. Assuming r = n for simplicity and the

monodromies are quasi-unipotent, the map ¥ : H" — D defined by

U(21, . 2) = exp(—Y_ziNy)®(21, ..., %) (1.8)
j=1

where, N; = log M ,, is called the un-twisted period map and is the lifting
of a holomorphic map 1 : (A*)" — D;

log t1 log t,

(b1, ty) = Uty 2 20). (1.9)

Theorem 1.0.1. (Nilpotent Orbit Theorem - W. Schmid) ([SCH] Theorem
4.9 and 4.12) Let ® : (A*)" x A" " — D be a period map, and let Ny, ..., N,

4
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be monodromy logarithms. Let

Y (A x A" = D (1.10)
be as above; then
e The map ¢ extends holomorphically to (A)" x A™".

e For each w € A", the map 0 : C" x A" " — D given by

9(2, w) = eXp(Z Zij)-ﬂ’(O, w)

is a nilpotent orbit. Moreover, for, w € C a compact subset, there

always exists a > 0 such that 6(z,w) € D for Im(z;) > .

e For any G-invariant distance on D, there exists positive constants 5, K
such that for Im(z;) > «,

d(®(z,w),0(z,w)) < K> _(Im(z)) e ™), (1.11)
J

Moreover, the constants o, B, K depend only on the choice of the metric
d and the weight and Hodge numbers used to define D. They may be

chosen uniformly for w in a compact subset.

A candidate for the metric on D is given by the polarization form @. This
is explained by a classical fact about the tangent spaces of flag manifolds,
cf. [SCH]. In case of taking the metric induced by polarization, the (Lie)
group G in the last item is the automorphism group of ). The estimate
obtained in the last item in the theorem is of interest in asymptotic Hodge
theory. The nilpotent orbit theorem guarantees the existence of a limit
for the map 9 at 0 using some distance estimates on natural metrics on
D induced by polarization. This limit is called the limit Hodge filtration,
which plays an important role to us. It is not in general unique, because it
would depend on the choice of coordinates. In several variable (i.e. over a

base of higher dimension) one may study the afore-mentioned limit of (1.9)

5
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along different positive cones of nilpotent transformations on the Hodge
structure. The definition of period domains and nilpotent orbit theorem
can be generalized to mixed Hodge structures, where similar theorem can
be obtained for admissible MHS, [P1].

Another important theorem in asymptotic Hodge theory is the sly-orbit

theorem,

Theorem 1.0.2. (sly-orbit Theorem - W. Schmid) ([SCH] Theorem 5.3)Let
z — exp(z.N).F be a nilpotent orbit. Then there exists,

o A filtration F /=1 := exp(iN).Fp lies in D.
o A homomorphism p : sl(2,C) — g, Hodge at F .

o N =p(X-)

A real analytic Gr-valued function g(y), such that;

Both g(y) and g(y) ™! have convergent power series expansion aty = oo
of the form 1+ > Apy™"™ with

Ap € Wy_1g Nker(adN)™ (1.12)

This theorem mainly asserts that from any nilpotent orbit ( It means if
we take F € D, the orbit of the Hodge flag in the assumption lies in D from
some point on ) one can withdraw some distinguished orbit ( this is the role
of the function g in the theorem ) which is real split, i.e can be written as
direct sum of pure Hodge structures ( this is by the representation p ). The
concepts of this theorem should be understood as a matter of representation
theory, and can be applied to general period maps. Exploring the sla-triples
for Hodge structure is a basic tool to study their real splittings. In section
8.7 we apply this idea to the mixed Hodge structure of isolated hypersurface

singularities and their extensions to 0.

Fory >> 0, exp(iy.N).F = g(y) exp(iyN).Fy, where Fy = exp(—iN).F\/jl.
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A polarization for a Hodge structure (Hg, F'*) of weight k, consists of a
bilinear form S on H¢ which is defined over Q and which is symmetric for
k even, skew symmetric for k£ odd, such that

S(HP, H"®) =0, unlessp=3s, g=r
i*715(v,v) > 0, v#0

where HPY := FP N F4. If N € End(Hg) is a nilpotent transformation,

there exists a unique filtration W* such that
e Wi CWi_s

e The induced map N’ : GerHQ — GT’%HQ is an isomorphism for all
1>0

Then the primitive subspaces w.r.t N are defined by
PGer := ker N'*1 . GerH@ — GTKVI_QHQ
The non-degenerate form S determines a set of non-degenerate forms

S, : PGr}Y @ PGrl¥ - C, S, :=So(id® N

which are polarization forms for PGr)", [H1], see also Theorem 3.1.2.
Assume we are given a projective map f : X — T (i.e. the fibers are
projective varieties) over the disc T which is holomorphic over T/ =T — 0.
Set Xo := X xpv H where H is the upper half plane. Equip H*(X,,,C)
with the limit mixed Hodge structure (Fi, Wr,), where L is the Kahler class.

On the primitive subspaces P¥(X,) consider the bilinear form

Qle.y) = /X (—1)ME= D2y (), (1.13)

Then @ does not depend on the choice of t. Denote

Pir(Xoo) = ker(N™ . Gr), PH(X o) — G, P*(X o). (1.14)

7
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Then Py (X ) carries a Hodge structure of weight k + r. Let

Pr(Xx)= P PI(X) (1.15)
a+b=k-+r

be its Hodge decomposition. Denote @, the bilinear form on Py ,(X)
defined by Q,(z,) = Q(#, N'j).

Theorem 1.0.3. (J. Steenbrink-W. Schmid)(see [JS2]) Assume f: X — S
be a family of projective manifolds. Equip the variation of Hodge structure
H*¥(X o, C) with the W. Schmid limit MHS (Fu, Wr). Let Py, Py, be the

primitive subspaces as defined above. Then the following holds,
o Q(z,y) =0 ifz € P (Xoo),y € Ppv(Xoo) and (a,b) # (c,d)
e Q. (x,2) >0 ifr € P,if(Xoo),ZL‘ #0

Theorem 1.0.3 is important to us as a matter beginning explicit form of
Riemann-Hodge bilinear relations for polarized MHS in projective fibrations.
In Chap. 3 we try to approach a proof of 1.0.3. In Chap.’s 4 and 5 we explain

how this generalizes to the affine (local) fibrations with isolated singularity.

1.0.2 Isolated hypersurface singularities

Assume f : X — T is the Milnor fibration associated to an isolated hy-
persurface singularity. With a suitable coordinate change one can embed
the fibration into a projective one fy : P"*! — C by possibly inserting
a singular fiber and the degree of fy be as large as we like. If f is a
polynomial of sufficiently high degree s.t the properties above are satisfied.
Then, the mapping i* : P"(Yoo) — H"(X) is surjective and the kernel is
ker(i*) = ker(My — id). There is a short exact sequence of mixed Hodge

structures

0 — ker(My —id) = P"(Ys) = H"(Xo) — 0. (1.16)

There is a (—1)"-symmetric non-degenerate intersection form I{" on
P™(Y;,Q). We set Sy = (—1)"n=D/2[¢oh  The pure Hodge structures on

8
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P"(Y;,Q) are polarized by Sy and give a variation of Hodge structure in
the sense of Schmid. This induces a holomorphic mapping ¢ — F;( D from

the universal cover H of T" to a classifying space for Hodge filtrations on

P"(Ys) which satisfies FRiiny = M;lFu'(t). Following W. Schmid the limit
filtration

F: = 1 Ny .t)F? 1.17

%= 1 hm _exp(Ny £)Fy, (1.17)

on P"(Y;, C) is well defined. Sy, Ny, W,, F3 give a polarized mixed Hodge
structure on P"(Yy). It is invariant w.r.t My, [H1]. Let

H" = H%\ ® H}

be the decomposition into generalized eigenspaces of monodromy. The re-
striction ¢* : P™"(Yo)z1 — H"(Xoo)£1 is an isomorphism. Sy induces a
polarization, S on H"(X).1. One can express S in terms of the intersec-
tion form I, on H™(Xoo)£1.

The restriction of S to H"(X4)1 is defined by S(a,b) := Sy (a, Nyb), where
a,b are the lifts of a,b in P"(Ya,) respectively. The form S is well-defined
and non-degenerate as, keri* = ker Ny N P™"(Y)1, [H1].

Theorem 1.0.4. [H1] Assume f : C"*1 — C be an isolated hypersurface
singularity. The Steenbrink MHS and S yields a PMHS of weight n on
H"(Xoo, Q)21 and PMHS of weight n+1 on H" (X, Q)1.

Theorem 1.0.4 is repeatedly used in our text in order to generalize a criteria
on polarization from projective case to the local case i.e subsets of the affine
space, C". It plays a crucial rule in the proof of the main contribution 8.6.1,
or its applications in 9.1 and 9.4.

Brieskorn considered the Op-modules

Hl/ — f Q}+1 H/ — f* Q}+1

: : 1.18
df Ad(Q% ) dY% + df A Q% (1.18)

of rank g, such that
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H|p = H' ) = K. (1.19)

The Gauss-Manin system associated to the Milnor fibration of f has a
canonical filtration due to Malgrange-Kashiwara, namely V-filtration in-
dexed by a € Q, cf. Chap. 6. It is characterized by the properties;
t.Ve c vetl 9,.Ve ¢ Vo ! and the operator td; — a is nilpotent on
Gry;. Using the V-filtration on the Gauss-Manin module; we may define
two Hodge filtrations on H" (X, C) by

venoy PHY

FPH™(Xoo, O = ¥ (-1

), a € (—1,0] (1.20)
venttn gy
V>a
namely Steenbrink-Scherk and Varchenko Hodge filtrations respectively; Know-

ing that V=! D HJ, and 0 = F"" = F"}:{l The maps 1., where a’s

are logarithms of eigen-values of the monodromy; are the nearby maps, cf.

), ae(=1,00  (1.21)

F‘I/)'aHn(XOO7(C))\ = wojl(

Chap 6 sec. 1, introduced by P. Deligne. These two filtrations together with
the weight filtration W, define two Hodge structures on H" (X, C), [H3].
Varchenko proved that the two Hodge filtrations agree for curve singularities
and quasi-homogeneous singularities. In the general case he showed that the
two Hodge filtrations agree on Gr'V H"(X,.), [SC1], [H3].

1.0.3 Main results

For a holomorphic germ f : (C"*' 0) — (C,0) with an isolated critical

point; the local residue

g — Resg

gdzx o 1 gdx
of Of | T (2mi)ntl . Of  OF "

Ozo """ Ozn € 9z " Ozn

induces a bilinear form Resy o on

Qp i= QL o/df A Qi

10
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resfo : Qf X Qf —C

g192dx
(g1dz, gadx) — Resog M‘] ;
Oxo """ Oz

defines a symmetric bilinear pairing (Grothendieck pairing), which is non-
degenerate (proved by Grothendieck). If w and n are (n + 1)-differential
forms, after division by df each of the forms w and 7 define a middle di-

mensional cohomology class of every local level hyper-surface of the function

f.

Assume f: C"*! — C is a germ of isolated singularity. Suppose,

H"(Xo,C) = E(IP9), (1.22)

D@, A

is the Deligne-Hodge C°°-splitting, and generalized eigen-spaces. Consider

the isomorphism obtained by composing the three maps,
R [0 D Grotnor I Grs 1Y 0 HY = Q (1.23)
where

P9 = OV 0 9o [ IV
=D, o5, O = pro @Y1
where IP7 stands for the bigrading cf. 3.3.3, 0; is the Gauss-Manin connec-

tion, and ), is defined in section 6.1. In section 8.5 we define a MHS on Q

by this isomorphism.

Theorem 1.0.5. [1] Assume f : (C"1,0) — (C,0), is a holomorphic germ

with isolated singularity at 0. Then, the isomorphism ® makes the following
diagram commutative up to a complex constant;
Ee\sfp : Qf X Qf — C

l(©71’¢71) lx* *k # O (124)
S:H"(Xx) X H"(Xs) —— C

11
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where,

EZS)QO =resy (0,C @)

and C is defined relative to the Deligne decomposition of ¢, via the iso-
morphism ®. If JP4 = &~1IP4 s the corresponding subspace of Qy, then

Qf = @Jp,q C”J%q = (_1);0 (1.25)
X
In other words;
S(@ Hw), @7 H(n)) = * x resfo(w, C.n), 0#%x€C (1.26)

Let § be the nilpotent operator on €2y corresponding to N = log(M/,) via
the isomorphism ®. Define the primitive components;
PGrlV = ker(fT : Gr)V 2y — GrlY_, Q)

The induced form on W-graded pieces;
Res; : PGr}YQ; @c PGr}YQp — C (1.27)

is non-degenerate and according to Lefschetz decomposition we will obtain

a set of positive definite bilinear forms,

Res;o (id® §) : PGr}VQ; @c PGr}VQ; — C, (1.28)

Theorem 1.0.6. Assume f : C"t' — C is a holomorphic isolated singu-
larity germ. The modified Grothendieck residue Res provides a polarization
for the extended fiber 1y, via the isomorphism ®. Moreover there exists a
set of forms {Resy} polarizing the primitive subspaces of GT,ZVQJ: providing

a graded polarization for ;.

Corollary 1.0.7. The polarization S of H"(X o) will always define a polar-
ization of Q, via the isomorphism ®. In other words S is also a polarization

in the extension, i.e. of {1y.

12
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Using this corollary and summing up all the results obtained above, we can
give the following picture for the extension of PVMHS associated to isolated

hypersurface singularity.

Theorem 1.0.8. Assume f : C"t! — C is a holomorphic hypersurface germ
with isolated singularity at 0 € C"tL. Then the variation of mized Hodge
structure defined in 4.2 is polarized by 5.2.2. This VMHS can be extended
to the puncture with the extended fiber isomorphic to 2y in the sense of 8.4
and 8.5, and it is polarized by 8.7.4. The Hodge filtration on the new fiber
Q¢ correspond to an opposite Hodge filtration on H™(X,C) in the way
explained in 8.5.5.

Corollary 1.0.9. (Riemann-Hodge bilinear relations for Grothendieck residue
on Qf) Assume f : C"1 — C is a holomorphic germ with an isolated sin-
gularity. Suppose § is the corresponding map to N on H"(X), via the

isomorphism ®. Define
P, = PGrV :=ker(f - Gr]VQ; — GrY_,Q5)
Going to W-graded pieces;
Res; : PGr}Y Qs @c PGr}YQp — C (1.29)
18 non-degenerate and according to Lefschetz decomposition
Gl Qy = @frpl—m»
T

we will obtain a set of non-degenerate bilinear forms,

Res; o (id © ') : PGr}YQy @c PGr}YQ; — C, (1.30)
Res; = resgo (id® C. ) (1.31)

where C is as in 8.6.1, such that the corresponding hermitian form associated

to these bilinear forms is positive definite. In other words,
oEZsl(x,y):O, rE€P., ye P, r#s

13



Chapter 1. Introduction

o [fx#0in P,

Const x respg (Crz,C. §1.7) > 0
where Cj is the corresponding Weil operator.

An application of a theorem of E. Cattani-A. Kaplan-W. Schmid in
[CKS], deduces the existence of a nilpotent transformation ¢ € g = gl(Hc),
such that the operator

C1 == Ad(e™°).C = Ad(e™).C, Ad(g): X — gXg ', Ad: G — Gl(g)

is a real transformation (notation of theorem 8.6.1).

Proposition 1.0.10. The bi-grading J¢ defined by J>9 := 740, JP4 s
split over R. The operator Cy = e 9.C Qp — Qy defines a real structure
on Q.

This says if Q71 = ®p<qJ? then

0 =000 0@RY.  TT=RY
p

The statement of theorem 1.0.4 is valid when the operator C is replaced
with C’l;

S(@fl(w), <I>*1(77)) =% X resf’o(w,él.n), 0#£#xeC (1.32)

and this equality is defined over R. The concept of this result should be
understood as a matter of representation theory in relation with sly-orbit
theorem. It provides an slp-triple for {2¢, cf. sec. 8.8. The above form also
polarizes the complex variation of Hodge structure studied by G. Pearlstein

and J. Fernandez, cf. [P2], see also Chap 9 sec. 3.

14
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Theorem 1.0.11. LetV be an admissible variation of polarized mixed Hodge
structure associated to a holomorphic germ of an isolated hyper-surface sin-
gularity. Set

U =FY xW. (1.33)

Then U’ extends to a filtration U’ of V by flat sub-bundles, which pairs with
the limit Hodge filtration F of V, to define a polarized C-variation of mized
Hodge structure, on a neighborhood of the origin. As a consequence, the
mized Hodge structure on the extended fiber Qy defined by (1.23) can be
identified with

OU =FL*W)

where A x B = Zr+s:q A, N By for two filtrations A and B.
We apply the above result to the extensions of Jacobian bundle associ-

ated to a projective family of curves. For this we define;

As=JYH})=H};\Hic/F°H¢

J(50 = | JAH,)

sES*
to be the family of Jacobians associated to the variation of Hodge structure
in a projective degenerate family of algebraic curves (here we have assumed
the Hodge structures have weight -1).

The extended Jacobian simply is

Jo = JHQp) = Qpz \ QO /FOQy

Theorem 1.0.12. The extension of a degenerate 1-parameter holomorphic
family of ©-divisors polarizing the Jacobian of curves in a projective fibra-

tion, is a O-divisor polarizing the extended Jacobian.

Following the work of C. Sabbah in [SA4], we formulate the following ver-
sion of his results for regular admissible PVMHS with quasi-unipotent mon-

odromy.

15
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Theorem 1.0.13. Assume (G, F,W,H,S) is a polarized MHM (hence reg-
ular holonomic) with quasi-unipotent underlying variation of mized Hodge
structure H, defined on a Zariski dense open subset U of an algebraic mani-
fold X. Then, G has a smooth extension to all of X and the extended MHM
1s also polarized. The polarization on the fibers can be described by residues
of the Mellin transform of a formal extension of the polarization S over the

elementary sections, by the two formulas

P P
¢A5<Z my @ eql, Zml ® €a) = *. Resg—o(S, |t|2*dt A d), *x#£0, a#0
=0 =0

$15(e,8) = x. Resi—_1(S, [t|**Tppedt A dE),  x#0

Summarizing Theorems 1.0.2, 1.0.3, 1.0.4 and 1.0.5 we conclude with the

following theorem.

Theorem 1.0.14. Assume (S, F,W, H) be a polarized MHM with underly-
ing admissible variation of mized Hodge structure H, defined on a Zariski
dense open subset U of an algebraic manifold X. Assume X \U = D is a
normal crossing divisor defined by a holomorphic germ f. Then the extended
MHM is polarized and in a neighborhood of D, the polarization of the exten-
sion of H is given either by a sign modification of the Grothendieck residue
associated to the holomorphic germ f locally defining the normal crossing
divisor or the usual residues of moderate extension of polarization as Theo-
rem 1.0.5. Moreover, the Hodge filtration on the extended fibers are opposite
to the limit Hodge filtration on H. These Hodge filtrations pair together to

constitute a polarized complex variation of HS.
Theorem 1.0.12 generalizes as follows.

Theorem 1.0.15. The limit of the Poincare product on the canonical fibers
of the Neron model of a degenerate admissible variation of Hodge structure H

s given by the modification of the residue pairing or induced by the residues

16
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as in 1.0.12. The extension describes the limit Jacobians as the Jacobian of
the Opposite Hodge filtration on JH.

We also provide with an application to positivity results in algebraic
geometry of singular varieties in section 9.4. By a hyper-surface ring we
mean a ring of the form R := P/(f), where P is an arbitrary ring and f a
non-zero divisor. Localizing we may assume P is a local ring of dimension n+
1. Assume P = C{xy, ..., z,,} and f a holomorphic germ, or P = Clxy, ..., zy]
and then f is a polynomial with isolated singularity. We shall assume f has
an isolated singularity at 0 € C"*!'. It is a basic fact, discovered by D.
Eisenbud, that the R-modules have a minimal resolution that is eventually
2-periodic. Specifically, In a free resolution of such a module M, we see that

after n-steps we have an exact sequence of the following form.

O—-M —-F,1—F,9—..5Fp—=M-=—0 (1.34)

where the F; are free R-modules of finite rank and depthr(M') = n.
M. Hochster in his study of direct summand conjecture defined the fol-
lowing invariant namely ©-invariant. The theta pairing of two R-modules

M and N over a hyper-surface ring R/(f) is
O(M,N) :=I(Torf (M,N)) — l(Torf . (M, N)), k>>0

This definition makes sense as soon as the length appearing are finite. This

certainly happens if R has an isolated singular point.

Theorem 1.0.16. Let S be an isolated hypersurface singularity of dimen-
sion n over C. If n is odd, then (—1)("+1)/2® is positive semi-definite on
G(R)qg, i-e (~1)™+1D/20(M, M) > 0.

1.0.4 Organization of the text

Chapter 1 is an introduction to the whole text and contains some historical
remarks. We also briefly list the main results of the thesis in this Chapter.
Chapter 2 contains definitions and basic properties of Hodge structures

and also their variations. We provide a step by step explanation of the

17
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fundamental tools in Hodge theory and provide elementary examples. In
successive sections we explains local systems, Gauss-Manin connections and
Deligne intermediate extension. A brief explanation of the global and lo-
cal invariant cycle theorem is also given. We end up this chapter with the
theorem of Lefschetz on (1,1) classes. In Chapter 3 the limit mixed Hodge
structure is introduced following W. Schmid in [SCH]. We explain the Nilpo-
tent orbit theorem in one variable which also belongs to W. Schmid. This
chapter contains fundamental theorems for the proof of Riemann-Hodge bi-
linear relations (Theorem 3.2.1). The Deligne-Hodge bigrading of a mixed
Hodge structure with its basic properties is explained in this part. We
briefly express the sls-orbit theorem of W. Schmid and Mixed Hodge Metric
theorem. The Chapter ends with a description on Higgs bundles and their
relation with the variation of Hodge structures. In chapter 4 we explain
the special case of variation of mixed Hodge structure associated to isolated
hypersurface singularities. It concerns the major point important to us. We
explain how the Steenbrink limit MHS is defined on vanishing cohomology
of these fibrations. In chapter 5 we explain basic bilinear forms relevant
to Milnor fibrations and specially to that of isolated singularities. Some
examples of these forms are also given for convenience.

Chapter 6 is fundamental in the text. We develop the needed tools
in order to present the main contributions in Chapter 8. In this part the
V-filtration, Brieskorn lattice, the weight and Hodge filtrations of Gauss-
Manin system and the spectral pairs are defined. We give another definition
of Steenbrink limit mixed Hodge structure equivalent to that presented in
chapter 4. In Chapter 7 the case of quasi-homogeneous fibrations is discussed
as an example to what introduced Chapters 4 and 6. Some basic examples
are also listed for more conveniences.

Chapters 8 and 9 contain the main contributions namely Theorems 8.6.1
and 8.7.1 with successive corollaries on a formulation of Riemann-Hodge bi-
linear relations for Grothendieck residue pairing. Specifically we give a stan-
dard method to calculate a signature for this form in section 9.1. Chapter
9 mainly investigates the applications of Theorems 8.6.1 and 8.7.1 and ex-

plains their relations with other known facts already studied by other people.
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In chapter 10 we give more comments for further studies. In section 10.1 a
discussion on primitive elements is given. We have provided a summary of
the work of K. Saito on higher residue pairing. Section 10.3 presents some
generalizations of the result for arbitrary admissible PVMHS. We formulate
a polarization version of hermitian duality studied by C. Sabbah and D.
Barlet.
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Basics on Hodge theory

2.1 Hodge Theory of Compact Riemann Surface

For a compact connected Riemann surface X of genus g, the cohomology
group H'(X,Q) = Q% admits a new structure as follows. First, Poincare
duality induces a skew symmetric non-degenerate bilinear form
1 1 2 f[X]
(0,0): H(X,Q) x H'(X,Q) — H*(X,Q) = Q. (2.1)
We have dim H!(X,0x) = g. The Serre duality,
HY(X,0x) ~ HY(X, QL)Y
also gives dim H(X, Qﬁ() = ¢g. That implies the Hodge decomposition
HY(X,C) = H"(X)® H'Y(X)
HON(X) = HY(X,0x),  H'“(X) = H(X,0L).
If we regard Serre duality as a pairing

o/\e

H'W g g1 gt ¢, (2.2)
it is equivalent to the complexified Poincaré duality
(o,0)c: H'(X,C) @ H'(X,C) — C. (2.3)
Since (H'?, H*) = 0 and (H*!, H*!) = 0.

Thus the matrix of this pairing with respect to some normalized basis be-

comes
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R

With respect to the real structure H!(X,C) = C ®g H'(X,R), H is

conjugate to H%!, and using Serre duality we get a ses-quilinear pairing

k:HY ocHYY - C, (o, B) = a A B. (2.4)

Then the Hodge-Riemann bilinear relations assert that h = /—1.k is a
positive definite hermitian form, [SA1]. The definition of a Hodge structure

is an abstract version of this example.

2.2 Hodge Structures

In the following sections, the basic definitions and examples of Hodge theory

concepts are given, [G2].

Definition 2.2.1. A Hodge structure of weight m is given by a data (Hg, F?)
where Hg is a finitely generated Q-vector space, and FP,p = (0,...,m)
is a decreasing filtration on the complexification H = Hg ® C such that
FP @ Fm—p+1 = H for all p.

Setting HP? = FP N FY, the condition is equivalent to

H = @ HPA, HP9 — 9P, (2.5)
ptg=m

The relation between them is FP = @p/szp/,mfp" We shall use the ab-

breviation HS for Hodge structures. A sub-Hodge structure is given by a

sub-vector space H' such that F'? = H' N FP, (H', F'P) is again a Hodge

structure.

Example 2.2.2. (1) Let Hc = C? = Ce;+Cey and set H? = C(e; —ie3)
and H%' = C(e; + iez). This gives a Hodge structure of weight 1.
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(2) sl(2,C) : The lie algebra sl(2,C) carries a HS of weight 0.

The elements

span sls. They satisfy

[Z7 X'i‘] = 2X+7 [Z7 X—] =-2X_, [‘X+7X_] =7
Z == —Z, X+ == Xf.

Setting,

s1(2,C) M =51(2,C) -1 =C(iZ + X_ + X4)
s5(2,C) = C(X; — X))

Provides a HS.

(3) The one dimensional complex vector space C, with the obvious real
structure carries a unique Hodge structure of weight —2, where F~! =
C. Deligne denoted it by Q(1), and called it the Hodge structure of
Tate. For n > 0;Q(n), will be the n-th symmetric power of Q(1), and
Q(—n) the dual of Q(n).

(4) Let e; and eg be the standard basis of C2. For p # ¢, we define a Hodge
structure E(p, q) of weight p + ¢ on C2, with natural real structure by
requiring that vy = e; + ies of type (¢,p), and v_ = e; — ies of type
(p,q)-

Definition 2.2.3. A polarized Hodge structure of weight m is given by the
data (Hg, F'?, Q) where (Hg, F?) is a Hodge structure of weight m and

Q:Hg® Hg—Q (2.6)

is a bilinear form satisfying the conditions
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e Qu,v) = (=1)"Q(v,u)
o QUFY, ity =
e The Hermitian form Q(Cu, v) is positive definite where Cu = (v/—1)P"%u, u €

HPA,

A sub-Hodge structure of a polarized Hodge structure is again polarized
as its orthogonal w.r.t @), and the original HS is a direct sum of the sub-

Hodge structure and its orthogonal.

Example 2.2.4. In Example (1) defining (e1,e2) =1, (e;,e;) =0, i = 1,2;

provides a polarization on the Hodge structure.

Example 2.2.5. Q(n) has a natural polarization. The bilinear form @ on
C? defined by

Qv4,v4) =0, Qv—,v-) =0, Q(v4,v-) =21
polarizes E(p, q).

Theorem 2.2.6. (W. Hodge) (see [SP] Theorem 1.8) The cohomology group
H™(X,Q) of a compact Kahler manifold has a canonical Hodge structure of

weight m.
By definition this means we have decomposition

Hm(X, (C) _ @ HPA, HYIP — Hpa
p+g=m

for all 0 < m < dim(X). Assume w € H?(X,C) is the Kahler class of
X.

Theorem 2.2.7. (Hard Lefschetz Theorem)(see [SP] Theorem 1.30) For
any Kahler manifold (X,w), cup product with the Kahler class w induces

isomorphisms

./\w"*m:Hm%H%*m, m<n

AWt . gra _y gr—an—p, p+qg<n
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For m < n = dim(X) the primitive subspace is defined by;

—m+

PH™(X,Q) = ker(H™(X,Q) 57 HPm2(X,Q))  (2.7)

and it has an induced Hodge decomposition

PH™ = H PH",  PH" =PHp
ptg=m

The primitive decomposition theorem says
H™(X,Q) = P " PH™ *(X,Q)
k

HM(X,Q) = @ * . PH (X, Q)
k

Definition 2.2.8. The operator
C:H"= @ H* - H"= P H",  ClH =i
prg=m ptg=m
is called the Weil-operator.

Theorem 2.2.9. (Riemann-Hodge bilinear relations for the cohomology of
Kahler manifolds)(see [SP] Theorem 1.33) Assume (X,w) is a Kahler man-
ifold. Then the Hodge structure on the cohomologies H™(X,Q) is polarized

by

Q(u,v) = (—1)m(m1)/2/ uANv AW (2.8)
X

and satisfies the following properties;
o QUHPI,H™) =0 if (r,s) # (p.q)
o Q(Cu,u) >0 if u#0

where C is the Weil-operator.

The two conditions in the theorem are called Riemann-Hodge bilinear re-
lations. The primitive cohomologies are the basic building blocks of the

cohomology of a smooth projective variety.
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2.3 Mixed Hodge structures

Definition 2.3.1. A mixed Hodge structure is given by the data (Hg, Wiy, F?)
where {W,,} is increasing (namely weight) filtration and FP?, a decreasing
(called Hodge) filtration;

W CW CWhy1 € ... C HQ
defined over Q, and the Hodge filtration
..CFPCFP1C..CHc

defined on H = Hg ® C where the filtrations F¥(Gr)V) induced by F? give
a Hodge structure of weight m. If the pure Hodge structures on Gr) H are
polarized by @, as in 2.2.3, for all m, we say the mixed Hodge structure is
polarized. It is also called graded Polarized MHS.

General examples of mixed Hodge structure are given by the cohomolo-

gies H*(X,C) of a complex variety, where the weights satisfy 0 < m < 2k.

Theorem 2.3.2. (P. Deligne) [D1] The complex cohomology groups of a
complex quasi-projective variety carry mired Hodge structures which are
functorial. In case of a non-singular projective variety these mized Hodge

structures reduce to the ordinary HS of pure weight.

Remark 2.3.3. For X smooth but possibly not complete the weight satisfies
k < m < 2k, while for X complete but possibly singular they satisfy 0 <

m < k. These mixed Hodge structures are functorial.

A morphism of MHS’s of type (r, 1) between (Hg, Wi, F?) and (Hg, W, F'?)

is a linear map
L:Hg— H(/@

satisfying L(W,) € W), o,, L(FP) C F'P*" and such a morphism is then

strict in the sense that L(FP) = F'P*" N Im(L) and similarly for the weight

filtration. For a pair Y C X of complex algebraic varieties, the relative
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cohomologies H*(X,Y) have mixed Hodge structures and the long exact
sequence of the pair will be an exact sequence of MHS’s. The category of
mixed Hodge structures is abelian, Moreover, it is closed under the opera-

tions of direct sum, tensor product, and dual.

Definition 2.3.4. We say a mixed Hodge structure (H, W, F'); of weight
m € Z is polarized by N, where N is a (—1,—1)-morphism N € gn
gl(Hg), 9 = End(Hc), If it is equipped with a non-degenerate rational
bilinear form () such that:

N =0

W = W(N)[—m], where W[—k]; = W)_

e Q(FP, FmPH) =0

The Hodge structure of weight m + ! induced by F on ker N'*1 :

GrlV., — Gr)V_,_, is polarized by Q(., N'.).

Remark 2.3.5. By W(N) we refer to the corresponding nilpotent operator

N. It refers to the next proposition.

Proposition 2.3.6. (Jacobson-Morosov)(see [SA1] page 12) Let Hg be a
vector space with a nilpotent transformation N. There exists a unique in-
creasing filtration of Hg indexed by Z, called the monodromy filtration rela-
tive to N and denoted by W (N) satisfying the following properties;

e ForanyleZ, N(W;)) C W;_»
e For anyl>1, N' induces an isomorphism GTZWHQ = GT’%HQ.

We provide a more complete form to 2.3.6 in 3.1.2. However for the purpose
of this chapter we gave the above elementary version to handle some basic

definitions.

Example 2.3.7. X singular and compact: [DU] Let X = X; U X5 with
X1, Xy two projective non-singular varieties intersecting transversely. In

the Meyer-Vietoris sequence;
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Pt gmel(X) A X)) S HTX) S HT(X) @ H™(Xs) T8 H™(X1 N Xs) —
(2.9)

where § is the connecting homomorphism, and all maps are morphisms of

Hodge structures. The first term has pure weight m — 1 and the last two

terms have pure weight m. Define the weight filtration on H™(X) by;

Wm—2 == 07 Wm—l - Zm(5)7 Wm - Hm(X) (210)

Then, Wy—1/Win—o = im(d) = coker(f,—1) has a Hodge structure of
weight m — 1, and W,,,/W,,,—1 = ker(f,,) has a Hodge structure of weight
m, since the kernel and cokernel of a map of Hodge structures have a Hodge

structure.

The cohomology of X can be computed by forms on the disjoint union of
X1 and Xy which agree on X7 N X,. Let the Hodge filtration on H™(X)
be induced by the usual filtration on this complex of forms. For example,

when dim(X;) = dim(X2) = 1, the exact sequence is

0— H(X; N Xy) - HY(X) - HY(X,) ® H(X2) = 0 (2.11)

where H is the reduced cohomology, and H 1(X) has classes of two types:
those of weight 1, which lie in one of the X;’s and naturally have types
(1,0) and (0, 1), and those of weight 0 and type (0, 0), which come from the

intersection of X; and Xs via the Meyer-Vietoris sequence.

Example 2.3.8. X open and smooth: [DU] Let Z be a smooth projective
variety and D C Z is a smooth co-dimension one sub-variety. We will find
the mixed Hodge structure on the cohomology of the open smooth space
X =7 — D. The cohomology of X can be computed using the de Rham
complex of smooth forms, So let F? C H™(X) be those cohomology classes
which can be represented by forms with p or more dz’s. Now, let us find the

weight filtration. Let ¢ : X C Z be the inclusion. In the Gysin sequence
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5k

— H™2(D) 3 g™(z) 5 H™(X) B H™ (D) " B (Z) - (2.12)

The group H™ 2(D) has a pure Hodge structure of weight m — 2 and the
group H™(Z) has a Hodge structure of weight m. Furthermore, the Gysin
map 7, takes a form of type (p,q) to a form of type (p + 1,q + 1) , the
restriction ¢* preserves the Hodge filtration, and the residue map R has the
property that R(FP) C FP~! since it removes a factor of dz/z. Now, let
change the Hodge filtration on H™~2(D) by refining a class of type (p, ) to
be of type (p+1,q+1). Then H™ 2(D) has pure HS of weight m, and ~,,
is a morphism of HS, and R now takes FP to FP. We can now define the
weight filtration on H™(X) by

Wmfl = 0, Wm = Zm(l*), Wm+1 = Hm(X) (2.13)

Then W, /Wp,—1 = im(i*) = coker(vm,), has a Hodge structure of weight m
since H™(Z) does, and Wy,+1/Wy, = ker(ym+1) has a Hodge structure of
weight m + 1 since H™ (D) does. Furthermore, both these Hodge struc-
tures are the same as the ones induced by the Hodge filtration on H™(X).

For example, when Z is a smooth connected curve and D = {p1,...,pr} is a

collection of points, the sequence is

0— HYZ)— HY(X) —» H°(D) — 0. (2.14)

The classes of weight 1 (type (1,0) or (0,1)) in H'(X) are restrictions of
the classes in H'(Z). The classes of weight 2 are represented by linear

combinations of the forms dz/(z — p1),...,dz/(z — pr) and have type (1,1).

Example 2.3.9. Logarithmic de Rham Complex: (P. Deligne) [D1]
Let D = UD; be a normal crossing divisor in a smooth proper algebraic
variety X, and U = X — D. The de Rham complex with logarithmic sin-
gularities along D namely; Q% (log(D)) C .Qy;, where i : U — X is the

inclusion, is defined as follows. Assume D is given locally by an equation
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21....zr = 0. Locally, Q% (log(D))|y is the free Oy-module generated by
L n A dzz” Ndzj, N ... Ndzj,, where | +1r = k.

Ziq i

The weight filtration W is given by

0 form <0
Wi (log D) = { O (log D) form >p
Q5 A QR (log D) if 0 <m <p

The Hodge filtration is given by the truncations of the logarithmic de Rham

complex;

FPQ% (log D) := Q57" (log D)

Theorem 2.3.10. (P. Deligne) [D1] The followings are true,

H* (X, Q% (log(D))) = H*(U, C)
o The two filtrations W and F defined by
W, H*(U,C) = Im(HF (X, W,,_1Q5% (log D)) — H*(U,C))
FPH*(U,C) = Im(H*(X, FPQS% (log D)) — H*(U,C))
put a mized Hodge structure on H*(U).

Example 2.3.11. gl(V): Given a MHS on V¢, we may define a MHS on
gl(Vc) by :

Wogl :={X egl: X(W)) C Wiia}
Fbgl:={X € gl: X(FP) C FPtb}.

An element T € (Wa, N Fgl) N gl(Vp) is called an (a, a)-morphism.
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2.4 Variation of Hodge Structure

Definition 2.4.1. A variation of Hodge structure (VHS) is given by the
data (S, Hg,I?, V) where

e S is a smooth complex algebraic variety.

e Hg is a local system of Q-vector spaces on S.

o H = Hgp ® Og is a holomorphic vector bundle with a filtration J? by

holomorphic sub-bundles.

o V:H — Qg ® H is an integrable connection.

and where the conditions
e VHg =0

e For each s € S, on each fiber the induced data (Hq s, F5) gives a

Hodge structure of weight m, and

e The transversality conditions

VIP C QL It (2.15)

are satisfied.

There is also the notion of polarized variation of Hodge structure given by
the additional data of

Q:HoRHg —Q (2.16)

satisfying V@ = 0 and inducing polarized Hodge structure on each fiber.

The basic example of a variation of Hodge structure is the cohomol-
ogy along the fibers X, = 7~ !(s) of a smooth family X — S of compact
complex manifolds, where X is Kahler and where Hg = R™r,.Q, FI =
FPH™(X,, C).
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Consider the 1-parameter degenerating family

X — X

l l (2.17)

S —— 8§
where S = |s| < 1is a disc, and S = S — 0 a punctured disc, X, X, X are
smooth for s # 0. Then there is a monodromy transformation M : Hz —
Hy,Hz = H™(X,,,Z). It is known that, after possibly passing to a finite

covering of S, we have

(M — D)™ =0. (2.18)

Setting N = log(M,,) where M = M,.M,, is the Jordan decomposition; a
weight filtration can be defined on Hz by the conditions

o N . Wy, — W, o
o NF: GrnVZ_k — Grnml/_k is an isomorphism.

Letting s = exp(v/—1.t) where Im(t) > 0; in the early 1970’s, W. Schmid
proved that

lim exp(—tN)FP =: FE,

Im(t)—o0

exists and that (Hg, Wy, F&%) gives a polarized MHS on H™(X,, C), relative
to which NV is a morphism of type (—1,—1), [SCH].

2.5 Invariant cycle theorem

Consider the surjective algebraic map m : X — S where X is a projective
variety and S a smooth projective curve. It possibly has a finite number of

critical values. Let

S* = S — { critical values of 7},
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X* =r1(9%),
X, = Y1), for t # 0,

and let ¢ : X3 — X*, j: X* < X be the inclusions. Consider the map
H(X) 5 B (xS B X

The fundamental group m(S*) acts on H™(X;). Let H™(X;)™(5") denote

the elements invariant under this action. It lies in the image of i* in H™(X).

Theorem 2.5.1. (Global invariant cycle theorem) (see [SP] cor. 1.40)
H™(X)™(5") s the image of i* o j*. In other words for all t € S, the
invariants in H™(X;,C) under the monodromy action come from restric-

tion of global sections on X.

Note that a class in H™(X;)™ (") is of pure weight m, and hence pulls
back under i* to a class of pure weight m (i* strictly preserves the weight
filtration). As X is a compactification of X*, all classes of weight m on X*
are restrictions of classes on X, [DU], [SP] cor. 1.40.

Localizing the above situation near a degenerate point 0 € S and us-
ing Hironaka theorem for resolution of singularities, one has the following

commutative diagram,

Xeo U X E
fool lf lf l (2.19)
H —— A* A 0

where H is the upper half plane, e is the exponential map and X, :=

X xa+ H. E is a normal crossing divisor.

Theorem 2.5.2. (Local invariant cycle theorem) (see [SP] Theorem 11.43)

There is an exact sequence for all k,

H*(E,Q) » H"(X.,Q) Y~ H*(X..,Q)

In other words the invariant cycles in the generic fiber X°° are the classes

in the image of the first map.

32



Chapter 2. Basics on Hodge theory

2.6 Local systems

A local system of K-vector spaces, over a complex manifold S is sheaf £
locally isomorphic to a constant sheaf with stack K" for a fixed n, where K
is an arbitrary field. We only consider local systems over the fields C, R, Q.
Fix a point sg € S, then for any curve v : [0,1] — B,v(0) = sg,7(1) = s1,
the pull back v*(£) to [0,1] is locally constant. Thus, we get a C-vector

space isomorphism

TV L, — Ly, (2.20)

It depends only on the homotopy class of the path . Taking closed loops

based on sg, we obtain a representation:

p:mi(B,sy) = Gl(Ls,) = Gl(n,C) (2.21)

If S is connected this construction is independent of the base point sy, up

to conjugation.

Conversely, if we begin from the representation p, and let S be the universal
cover of S; then define the vector bundle H — S by

H:=8xC"/ ~,
(3,0) ~ (0(3), p(e™)(v)), o € mi(S)
where o acts as a covering deck transformation. The sheaf of constant local

sections of H gives £. In this way there is a 1-1 correspondence between the

local systems on S and representations of (.S, *), [C1].

Example 2.6.1. [C1]

Let S =T ={ze€C:0< 2] <1<} Forty=1¢€T, we
have 71 (7", t9) ~ Z; where we choose as generator a simple loop ¢ oriented
clockwise. Let

p:m (T ty) = Z — GI(2,C) (2.22)

where
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1 n
p(n)=<0 1)

Recalling that the upper half plane H = {z = z + iz € C : y > 0} is the

universal cover of 7" with projection z — exp(2miz), we have a commutative

diagram

HxC? — H2HxC?* ~

lpn J (2.23)

H exp(2mie) T

Let N be the nilpotent transformation

(0 0)

Then for any v € C?, the map ¥ : 7' — H defined by

- logt logt
U(t) = [%,exp(%]v)v] e H x (CQ/ ~ (224)

is a section of a vector bundle H. We can write

3(t) = exp((log t/2mi)N).0, (2.25)

where 0(t) is the constant section defined on a neighborhood of ¢. This
example may be generalized to an arbitrary nilpotent transformation N €
gl(H) if we define

p:m (T ty) — GI(H) (2.26)

by p(c) = exp(IV), where c is again a simple clockwise loop. And also may be
generalized to higher dimensions when, {Ny, ..., N,.} € gl(H) are commuting

nilpotent transformations, by considering S = (T")" and
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p:m (T to) X Z" — GI(H) (2.27)

the representation that maps the j-th standard generator of Z" to M; =
exp N;.

A general example is the cohomology group of the generic fiber of a
proper smooth map f : X — S of complex manifolds, namely H*(X;) as
in 2.4. We denote this local system by H*(X/S) = R*f,Cx. according to
some fundamental theorems this local system underlies a variation of mixed
Hodge structure. We will explain these theorems in the next chapters. Such

variations are called geometric.

2.7 Gauss-Manin connection

The concept of connection on analytic manifolds is a generalization of a

system of n linear first order differential equations.

Definition 2.7.1. Let £ be a holomorphic vector bundle on a complex

manifold S. A connection on E is a C-linear map

V:E—=Qt®cFE (2.28)

satisfying;

V(fo)=df @ ¢+ [V (2.29)

for all sections f of Og and ¢ of E, known as Leibnitz condition.

Similarly, V can be defined on differential forms in degree p as a C-linear

map
VP E@ Q) - BEe bt

satisfying the Leibnitz rule. The connection is said to be integrable if the
curvature V! o VO = 0. In this case the de Rham complex associated to V,

is
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DR(E) = (Q4®E,V):E 5 QL®FE —.. > e E 5. - OeE.

Proposition 2.7.2. The horizontal sections EY of a connection ¥V on E

are defined as the solutions of the differential equation on X
EY = {¢:V(¢) = 0}.
When the connection is integrable, EV is a local system of dimension rank(E).
Locally on an open chart U for F, the connection is given by;
Vuy =d+ Ay

where Ay is a matrix of differential forms (A;;); je[1,m) called the connection
matrix. This may be proved by choosing a frame of E over U. If (z1, ..., xy)

is a coordinate system on U, then one may write
Wi = Z Ff](x)dzk
ke([l,n]

So that the equation of coordinates of the horizontal sections is given by the

linear partial differential equations

The solutions form a local system of dimension m (the Frobenius condition
is satisfied), [BZ], [SP] sec. 10.4.

Theorem 2.7.3. (Riemann-Hilbert Correspondence) (see [SP] Theorem 11.7)
The functor (E,V) — EV is an equivalence between the category of
integrable connections on vector bundles on a manifold S, and the category

of complex local systems on S.

Remark 2.7.4. A section s of the vector bundle FE is called a flat section
of the connection V, if Vs = 0. The connection V is called flat if there
is a trivialization of F, for which the corresponding frame consists of flat

sections.
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Theorem 2.7.3 says that, there is a 1-1 correspondence between the local
systems on S and flat connections on vector bundles over S, as is the same
with finite dimensional representations of (S, *).

Let £ be a local system on S and £ = £ ® Og a locally free sheaf (vector
bundle) of holomorphic sections of £. By theorem 2.7.3 there is a unique
connection V : E — QL ® Og such that £ is its kernel, i.e. V(£) = 0 called

Gauss-Manin connection. It is simply defined by

V(g.s) = dg.s, g€ Og, sel'(F) (2.30)

Example of this is Hf 5 (X/S) = ka*(Q;(/S) associated to the local system
encountered at the end of previous section. In this case the Gauss-Manin

connection satisfies

V(FPHY) c QL @ Fr-tH*

called Griffiths transversality. Such Gauss-Manin systems are also called
Hodge modules. A Hodge module always carries a weight and a Hodge

filtration with the appropriate property mentioned.

2.8 Period map

Consider a family 7 : X — S such that X C PV, that each fiber X; is
a smooth projective variety. The chern class of the hyper-plane bundle
restricted to X gives integral Kahler classes wy € HY(X;) N H*(X,Z)
which fit together to define a section of the local system R?m,Z over S. On

each fiber X; we have a Hodge decomposition:

H*(X,,C)= € HP(Xy) (2.31)
p+q=k

where HPY(X;) = HE(Xy) = HI(Xy, Q) is the space of Dolbeault coho-
mology classes. The Hodge numbers hP4(X;) = dim HP9(X;) are constant.
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We have

FP(X,) = @PH (X.) (2.32)

azp

which satisfies the condition H*(X;,C) = FP(X;) @ Fk—»+1(X,). Therefore
we obtain a local system which also defines a holomorphic vector bundle F*
over S.
Set fP =305, h®k=@  Assume that S is contractible and X is C* trivial
over S. Fix also a typ € S. Then we have diffeomorphisms g; : X;, = X

gf - H*(X;,C) — H*(X,,,C). (2.33)

This allows us to define a map

P S — Grass(fp,Hk(Xto,C)), DP(t) = g; (FP(Xy)) (2.34)

Theorem 2.8.1. (K. Kodaira) (see [C1]) The period map ®P is holomor-
phic.

By the following theorem the above construction defines a variation of Hodge
structure on S, cf. def. 2.4.1.

Theorem 2.8.2. (Griffiths Transversality) (see [C1], [SCH] Theorem 2.13)
Letm: X — S be a projective family and let (3*, V) denote the holomorphic
vector bundle with the flat Gauss-Manin connection. Let o € I'(S,FP) be a
smooth section of the holomorphic subbundle F C HF, then for any (1,0)-
vector field V on S,

Vy (o) € T(S,377h). (2.35)

The classifying space D, consists of all decreasing filtrations F' of H such
that (H, F') is a Hodge structure, polarized by Q and

dime FP = horF (2.36)

r>p
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To obtain a complex structure on D, one may regard it as an open subset
of "compact dual’ D. Assume Gg := Aut(Q,R). It is a basic linear algebra
that Gg acts transitively on D. If we define D as those filtration that only
satisfy Q(FP, Fk=P+1) = 0, then naturally D < D as an open submanifold
of the complex manifold D. The equation hp(u,v) := 8(C.u,v) defines a
hermitian metric on D which is Gg-invariant, called Hodge metric ,cf. [C1],
[P1], [P3].

Family of algebraic manifolds usually have singular fibers. By Hironaka
a suitable modification turns the ambient space into a manifold, and the
sub-variety in question into a divisor with at most normal crossings. Thus,
localizing the problem one can assume; the period map is defined on a
products of puncture discs and discs. The mapping, by its very definition
takes values in the quotient of a classifying space for Hodge structures,
modulo a discrete group of automorphisms [C1], [SCH], see also 1.0.1 the
discussion on period map.

Thus, we consider period maps
O (A" x A" — D/T (2.37)

or their liftings

d:H x A" = D (2.38)

where H is the upper half plane. By the monodromy theorem (Theorem
3.1.1), the monodromy transformations M;, j =1, ...,r are quasi-unipotent,
that is, there exist integers v; such that (M ;’j —id) is nilpotent (see theorem
3.1.1). Set Mj,, = eNi: j=1,..,r, where Nj; are nilpotent. For simplicity

assume 7 = n. We then have, [C1],

i)(zl, i+l 2) = eXp(Nj)Ci)(zl, ey 2Ly ey Zr) (2.39)

and the map ¥ : H" — D defined by
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U(z1, .., 2p) 1= exp(—szNj)é(zl, ey Zr) (2.40)
j=1

is the period map and is the lifting of a holomorphic map 1 : (A*)" — D;

log t1 log t,

P(ty, . tr) = U(

Example 2.8.3. [KU]
Take

. 2.41
o2ms " 2w ) ( )

Hy = Q* = Qe + Qes.
Let W be the increasing filtration
W_o=0CW_ = HQ.

Let (e1,e2)—1 = 1, where the sub-index means the corresponding W-graded

levels, and let

h=50 = p0~=1 =1 and let h?? = 0 for all other (p, q).
For 7 € C let

F()'=0Cc F(r)°=C(re1 +e3) C F(r) ! = Hyc.
Then D = H the upper half plane, where 7 is corresponded to F (7).

A map 6 : C" — D of the form

0(z) = exp(z ziN;).F

where F' € D, and N; being commuting set of nilpotent elements, such that
there exists an a € R with §(z) € D for Im(z;) > « is called a nilpotent
orbit.

Theorem 2.8.4. (Nilpotent Orbit Theorem - W. Schmid) ([SCH] Theorem
4.9 and 4.12)
Let @ : (A*)" x A™" — D be a period map, and let Ny, ..., N, be mon-

odromy logarithms. Let
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Y (A x A" D (2.42)
be as above; then
e The map v extends holomorphically to (A)" x A",

e For each w € A", the map 0 : C" x A" " — D given by

0(z, w) = exp(3_ 2;N;)-4(0, w)

is a nilpotent orbit. Moreover, for, w € C a compact subset, there

always exists a > 0 such that 6(z,w) € D for Im(z;) > .

o For any G-invariant distance on D, there exists positive constants 3, K
such that for Im(z;) > «a,

d(®(z,w),0(z,w)) < KZ(Im(zj))fBe_zﬂm(zj). (2.43)

J
Moreover, the constants o, B, K depend only on the choice of the metric
d and the weight and Hodge numbers used to define D. They may be

chosen uniformly for w in a compact subset.

Given a period map ® : (A*)" — D/I', we will call the value

Fim := $(0) € D (2.44)

the limiting Hodge filtration. Fj;, depends on the choice of coordinates on
(A*)". Indeed a change of coordinates compatible with divisor structure,
must be after relabeling if necessary, of the form (#1, ..., £,) = (t1 fi(t), ..., t, fr(t))
where f; are holomorphic around 0 € A", f;(0) # 0. Then after letting
t— 0, [C1],

N

1
F, = f%ZIOg( £i(0)N;. Fiim. (2.45)
J
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,
Theorem 2.8.5. Let 0(z) = exp(ZZij).F be a nilpotent orbit. Then,
j=1

o FEuvery element in the cone
.
C:={N =) NN\ cRs}Cg
j=1

defines the same weight filtration W (C).
e The pair (W (C|—k|, F') defines a MHS polarized by every N € C.
Example 2.8.6. [C1]

(1) A Hodge structure of weight 1 is just a complex structure on Hp, that
is a decomposition He = H" @ H10. The polarization Q is a non-

degenerate alternating form and the polarization conditions reduce to:

QHYY HY) =0; iQ(u,u) >0, if 0 #uec HY

It follows that there exists a basis {w1, ..., wa, } of He such that {wy, ..., w,}

is a basis of H0, and in this basis the form () is written in the form:

0 —il,
QZ(iIn 0 )

The subgroup of invertible transfortions on H preserving such bilinear
form is by definition the Symplectic group Sp(n,C. On the other
hand we can choose our basis so that w,y; = w; and consequently,
the group of real transformations G = Sp(n,R) acts transitively on
our classifying space D. The isotropy group at some point Qg € D,
consists of real transformations in GI(Hg) which preserve a complex
structure and hermitian form in the resulting n-dimensional complex

vector space. Hence, Stab(2y) = U(n) and
D = Sp(n,R)/U(n).
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Geometrically, the weight 1 case correspond to the Hodge structure on
the cohomology H!(X,C) of a smooth algebraic curve X. Hence, the
classifying space for Hodge structures of weight 1 is the Siegel upper
half space.

(2) In the weight 2 case, dim(H) = 2h?% 4+ Ab!, @ is a non-degenerate
symmetric form defined over R, So we get the complex Lie group
G = O(2h*? + b1 C). Given a reference polarized Hodge structure

He = H' @ Hy' @ HY?;,  Hy? = Hy°
The real vector space decomposes as
Hg = (Hy" © Hy') N Hg) ® (Hy” N Hg)

and the form (@ is positive definite on first summand and negative
definite on the second. Hence, G = O(2h*° hb1). On the other
hand the elements that fix the reference Hodge structure must preserve
each summand of the second decomposition. Hence, we get Stab =
U(h*%) x O(h'1), and

D = O(212°, W) /U (h20) x O(h'1).

2.9 Deligne Canonical extention

The nilpotent orbit theorem guarantees that the holomorphic bundle arising
from a VHS can extend to the singular locus. Assume (H, V) is an analytic
vector bundle with an integrable connection on a complex manifold S, with
S <+ S as a Zariski open dense submanifold. Choose a multivalued flat
frame (A;(z), ..., An(2)) for 3, over a small neighborhood of p € S — S. Let
M = M,.M, be the Jordan decomposition of a monodromy around p, where
M = diag(dy) is the semi-simple and M, is uni-potent upper-triangular.
Set N = =L log M,,. Let

271

si(A)(z) = exp(N log(z)).4i(2)
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si(A)(z) is a single valued section of H over U. Furthermore, {s;(A)}1<i<n
provide a frame for a holomorphic extension H of the bundle. For the same
reason when S is higher dimensional, and D = S — S = [J D; is a normal
crossing divisor only, and when all the monodromy transformations around
D; are quasi-unipotent, then the local system has a canonical extension
to D, which is compatible with integral structures. It is characterized by
the fact that, in a local basis around 0, the matrix of 1-forms defining the
connection has logarithmic poles along s; = 0, with nilpotent residues. The
canonical extension depends on the choice of log branch. we summarize all

of these in the following theorem;

Theorem 2.9.1. ([SA1] sec 22.b) If we are given (H,V) on S with D =
S — 8 normal crossing, there exists a unique meromorphic extension, called
Deligne meromorphic extension, of the bundle H to a meromorphic bundle
H (that is a free sheaf of Og[log(D)]-modules), equipped with a connection
(by Riemann-Hilbert correspondence) such that the coefficients of any multi-
valued horizontal section of H are multi-valued functions on S with moderate

growth on D.

2.10 The Lefschetz theorem on (1,1)-classes

Assume X is a compact Kahler manifold. We have the Hodge decomposition

H"(X,C)= P H"(X)

pt+g=n
HY(X,R) = ( 5 HP(X) ® H?) N H"(X,R).
pt+q=n
p<q

A natural question is whether we can characterize geometrically the classes
in homology that are Poincare dual to classes in one of these factors. For
instance, consider a homology class I' € Hy,(X,Z) that is a rational linear
combination of fundamental classes of analytic sub-varieties of dim = p of

X and denote its Poincare dual by nr. If ¢ is any differential form, then
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Thus, if n is the harmonic form on X representing the Poincare dual nr, and

1 is any harmonic form,

/F?ﬂ/\ﬁ—/ljﬁ—/Fw"_p’"_p_/F¢Anp,p

that is n = nPP, and we see that any cohomology class of degree 2p is of
pure type (p,p). The famous Hodge conjecture asserts that the converse is
also true: On X C PV a rational cohomology class of type (p, p) is Poincare
dual to some rational divisor. The only case which this conjecture has been

proved in general is the case p = 1.

Theorem 2.10.1. (Lefschetz theorem on (1,1)-classes) ([G3] page 163) For

X c PN a sub-manifold, every cohomology class
v e HY(X)N H?*(X,7Z).
is Poincare dual of some rational divisor;
Y =1"1D-
When X is a complex projective variety, then the cycle class map is
c: CHy(X) — H™ 2k (X),

F'—>77F

The cycle class is easily seen to be a Hodge class; that is to belong to
H?(X)N H*¥(X). The famous Hodge conjecture asserts that H2*(X) N
H®k(X) is equal to im(c) ® Q. The Lefschetz theorem 2.10.1 is the only

case of Hodge conjecture that is proved generally.
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Limit Mixed Hodge structure

As mentioned in section 2.8 a family of polarized algebraic manifolds parametrized
with a holomorphic projective map f : X — T gives rise to a family of Hodge
structures F; on H"(Xy,C), and a period map ¢ : T'— D/T’, where T is the
monodromy group.

The idea of limit mixed Hodge structure is to replace all the Hodge
structures F; with a canonical one namely the limit Hodge structure, de-
noted Fj;,, or Fii. There exist three equivalent ways to define F,, in the
Hodge theory literature. The first which is due to W. Schmid is based on
the nilpotent orbit theorem. This what we do in this chapter in the first
section. The second method belongs to J. Steenbrink that uses the Hironaka
resolution of singularities, and we explain this in 7.4. The third method that
is mainly the content of the technical part of this text is explained in Chap.
6 and is developed in Chap. 8. Through all of this chapter unless otherwise
stated, we assume f : X — T is a family of projective algebraic manifolds,
and T is the disc, and X' = X \ Xo — T/ =T\ 0 is a C*°-fibration. This
assumption is specifically fixed through the whole sections 3.1 and 3.2. We
propose to give a proof of 3.2.1.

3.1 Limit Hodge filtration

Suppose f : X — T is a family of projective varieties, where f : X' —
T’ is smooth. Then, m(7") acts on the cohomology group of a general
fiber X; = f~1(¢t). Denote by M a monodromy i.e. the action of some
generator of this group. Let M = M M, be the Jordan decomposition into
semi-simple and uni-potent part of monodromy. M, is a diagonal matrix

whose diagonal entries are eigenvalues of M. M, is has only eigen-value
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1, and is upper-triangular obtained from dividing each Jordan block by its

appropriate eigenvalue.

Theorem 3.1.1. (Monodromy theorem) (see [SP] Theorem 11.8, [SCH]
Theorem 6.1) The eigenvalues of M are m — th root of unity, for a suitable
integer m, so that M = 1. Let [ be the largest number of successive non-
zero Hodge subspaces of H*(X;,C). In other words, | is the largest integer
that for some p, H"*=(X;,C) #0, ifp <i < p+1. Then (M, —1)! =0 and
hence (M™—1)! = 0. Specifically, (M™—1)! =0, forl < min(k,2n—k)+1.

Assume N : H — H is a nilpotent transformation, N*¥*1 = 0. The following

theorem is crucial in the study of existence of polarization for VHS.

Proposition 3.1.2. ([SCH] p. 247) There exists a unique filtration

0C Wo CW;C.... - Wgn_l - Wzn =H (3.1)

such that N(W;) C Wi_q, and such that

Nl : GTk_HW* — GT’k_lW* (32)

is an isomorphism , for each l > 0,GriW, = WVZV_ZI. Ifl > k let P, C Gr(W,)
be the kernel of

]\ﬂ_lﬁ_1 : GT’[W* — GT’Qk,l,QW* (3.3)

and set P, = 0,1 < k, then one has the decomposition

GriW, =@ N'(Pryni), i >max(k—1,0) (3.4)

If N is an infinitesimal isometry of a non-degenerate symmetric or skew
symmetric form S on H. i.e if S(Nu,v)+S(u, Nv) =0 for allu,v € H, the
filtration 3.1 becomes self dual, in the sense that each W is the orthogonal
complement of Wop_;_1. In this situation, the spaces GrW, carry non-
degenerate bilinear form S; which are uniquely determined by the following

requirements.
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If 1 > k and if u,v € Wy represent 4,9 € GriW*, Sj(@,7) = S(u, N\"Fv),
if | < k , and N'F is to be an isometry from Gron_ Wy to GriW,. The
decomposition (3.4) then becomes orthogonal w.r.t S;. Whenever S is sym-
metric and k — 1 even, or S skew-symmetric and k —1 odd; S; is symmetric.
Sy is skew-symmetric in the remaining cases.

Finally, if 1 is a representation of a 3-dim algebra g with generators X, X_, Z
on H, with v(X;+) = N. Each W coincides with linear sum of the eigen-
spaces of Y(Z) which belong to eigenvalues less or equal than | — k and
Py is the isomorphic image in GrW. of the kernel of ¥(X_)"=F+1 on the

(I — k)-subspace of V(7).

The proof is based on the following fact on representation theory of sls.
Let g a three dimensional complex Lie algebra with generators Z, X, X_

satisfying

(Z,X.]=2X,, [Z.X_]|=2X_, [X\X_]=2Z  (35)

Lemma 3.1.3. ([SCH] p. 247) Every finite dimensional representation of
g is fully reducible. Let v : g — End(H) be an irreducible representation of
g on an (n + 1)-dimensional vector space H. Then (Z) acts semi-simply
, with eigenvalues n,n — 2,n — 4,...,—n, each with multiplicity one. The
l-eigenspace of Y(Z) maps onto the (I + 2)-eigenspace By (X4 ), except for
Il = —n —2. Similarly, for | # n+2 , (X_) maps the l-eigenspace onto
(I — 2)-eigenspace.

If ¢ is a representation of g on H with ¥/(X_) = N, the last statement
of the lemma suggests how the filtration W; should be constructed. Such
a representation always exists. An example of such representation is the
cohomology group of a compact Kahler manifold, where the Kahler operator
L is adjoint to A and their commutator B = [L, A] satisfies

[B,L] =2L, [B,A]=-2A, [L,A]=B (3.6)

and these three operators span a lie algebra isomorphic to g.
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Let o : H — T’ be the universal covering of the punctured disk. Hé
pulls back to a trivial bundle on H with fiber H(’é. For each z € H, there
is a natural identification between Hf and H*(X;,C) with t = o(z). By
transforming the Hodge filtration via this identification one obtains Hodge

filtrations

He=F’DF!'D>..DF'D>.. Do (3.7)

Let N = log(M,). Then

z — exp(—zN)F? (3.8)

considered as a mapping of H to an appropriate Grassmann variety is in-
variant under the transformation z — z + m. Because the Lefschetz decom-
position is always compatible with action of monodromy, the nilpotent orbit

theorem guarantees the existence of the limit

F* = lim exp(—zN)F? (3.9)

Im(z)—o0

uniformly in Re(z). The resulting filtration

He=F.DFLD..DF'D..D0 (3.10)

is called the limit Hodge filtration. It should be pointed out that the fil-
tration F3 depends on the choice of the coordinate ¢ on the disk T". Pass-
ing from one local coordinate to another has the effect of replacing the
filtration F%, by exp(AN)FX%. However, the filtrations induced on the ker-
nel and cokernel of N and quotients of weight filtrations are canonical. If
L : H('é — HféJr2 is the Kahler operator, then it commutes with M and
hence, also with N. Since it maps F? to F? 41 for any z € U, it raises the

index of weight filtration by 2 and the index of FS by one.

Theorem 3.1.4. ([SCH] p. 255) The two filtrations {W} and {F&%} de-
termine a MHS on H(é w.r.t which N is a morphism of type (—1,—1), and
the Kahler operator L is a morphism of type (1,1). In particular the MHS
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of H(’E restricts to the primitive part Pé C H(’E. The induced Hodge struc-
ture of weight I on Grl(Pé N W) further restricts to a Hodge structure on
P C P((’Y:C NW, which are polarized with respect to the non-degenerate bilinear
form S; on Pj.

The next theorem shows the compatibility of the limiting MHS with that

induced on the primitive components.

Theorem 3.1.5. ([SCH] p. 256) Let PE C HE, be the primitive part and
suppose that, the classifying space for the Hodge structures on P('CC happens
to be hermitian symmetric (i.e. a connected hermitian manifold with a sym-
metry sp fizing a point P, that is s%g = 1). Then for every z € H, the
upper half plane, with sufficiently large imaginary part, the two filtrations
{FP' N PE}, and {W,;N PE}, determine a mizved Hodge structure on PE. The
resulting Hodge structure of pure weight l on Grl(WﬁP(’f), viewed as a func-
tion of z, has a limit as Im(z) — oo. The limit coincides with the Hodge
structure of weight | induced by the filtration {F% N P}

3.2 Polarization for Projective family

In this part we use the theorems of W. Schmid mentioned in the previ-
ous section in order to prove the Riemann-Hodge bilinear relations in the
variation of hodge structure associated to a projective family, [JS1], [JS2].
Consider the projective family X; defined by a hyper-surface germ. Let
L be the cohomology class of a hyperplane section of X;, ¢t # 0. Set X, :=
X xp» H where H is the upper half plane. Equip H*(X,, C) with the limit
mixed Hodge structure (Fi, Wp,) as previous section. We consider L as an
element of H?(X,) by means of the natural map ; : H*(X;) — H?*(Xo).

On the primitive subspaces P¥(X.,) consider the bilinear form

Qle.y) = /X ()RRt () (3.11)

Then () does not depend on the choice of t. Because L is an M-invariant
class, P*(Xs) C H*(X4) also carries a mixed Hodge structure, and for all

r > 0 one has
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Gt P*(Xoo) =2 GrlV PF(X o). (3.12)

Denote

Prr(Xoo) = ker(N™1: GrlY, PF(Xoo) — Gr}Y PH(X ). (3.13)

Then Py, (X)) carries a Hodge structure of weight k + r. Let

Pir(Xe)= P PH(X) (3.14)
a-t+b=k+r

be its Hodge decomposition. Denote @, the bilinear form on Py ,(Xs) de-
fined by Q,(z,y) = Q(Z, N"y), where z,y € P, ,(Xx) and Z, § are elements
of Wi PP(X o) whose classes mod Wyy,._; are x,y respectively. The fact

that N is an infinitesimal isometry implies that @), is well-defined.

Theorem 3.2.1. (J. Steenbrink-W. Schmid)(see [JS2]) Assume f: X — S
be a family of projective manifolds. Equip the variation of Hodge structure
H*¥(X o, C) with the W. Schmid limit MHS (Fs, Wr). Let Py, Py, be the

primitive subspaces as defined above. Then the following holds,
 Qr(w,y) =0 if v € Py (Xu),y € P(Xoo) and (a,b) # (c,d)
e iQ.(x,7) >0 ifr € P,i’f(Xoo),x #0

Proof. This follows from Theorems 3.1.4, 3.1.5 and prop. 3.1.2. ]

3.3 Deligne-Hodge decomposition of MHS’s

In [P1], G. Pearlstein develops the ideas of W. Schmid, [SCH] into VMHS’s,

generalizing Schmid nilpotent orbit theorem and classifying space for MHS’s.

Definition 3.3.1. A graded polarization of a mixed Hodge structure (F, W)

consists of a choice of polarization Sy for each non-trivial layer Gr};v.

51



Chapter 3. Limit Mixed Hodge structure

Example 3.3.2. [P]]

Let S be a finite number of points on a compact Riemann surface M. Let
0}, (log(9)) be the space of meromorphic 1-forms on M which have at worst
simple poles along S. Then the mixed Hodge structure (F, W) attached to
H'(M — S,C) is given by the following

Wo =0, Wy = HY(M,C), Wy = HY(M — S,C)
F?=0, F' =0}, (log(9)), F'= HY(M - S,C).

The two bilinear forms

So(a, B) = 4r? > pes resp(a)resy(B), Si(o, B) = [, A B

defined on GrY" |, and Gr!" respectively, provide a graded polarization of
HY(M — S,C).

Definition 3.3.3. (P. Deligne) A bi-grading of a mixed Hodge structure
(F,W), is a direct sum decomposition V' = @), ,IP? of the underlying com-

plex vector space which has the following two properties,

=g

r>p,s

Wk = @ I,

r+s<k

Lemma 3.3.4. (P. Deligne) Let (F, W) be a mized Hodge structure. Then
there ezists a unique bi-grading {IP?} of (F, W) with the following additional

properties.

P9 = JoP mod EPI™*. (3.15)
r<p
s<q

The choice of a MHS (F, W) on a space V = Vg ® C induces a mixed Hodge
structure on gl(V') via the bi-grading.

gl(V)"s ={a € gl(V)]a : IP9 — IPT7ITS 0 Wp g} (3.16)
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Example 3.3.5. [P1] In the case of finitely punctured Riemann surface
M — S considered in Ex. 3.3.2, the Deligne-Hodge decomposition (F, W) is
given by the following subspaces of H'(M — S, C):

Il,l — Fl mﬁ) II,O — Hl’O(M), IO,l — HO,I(M)

Definition 3.3.6. A mixed Hodge structure is said to split over R, if it
admits a bigrading {IP?} such that

171 = Tap, (3.17)

In this case

Ve=Ep & (3.18)

k ptg=k

is a decomposition of V¢ into direct sum of HS’s.

Example 3.3.7. [C1] The basic example of mixed Hodge structure split
over R is the Hodge decomposition on the cohomology of a compact Kahler
manifold X. Let

2n
Vo = H*(X,Q) = PHX,Q)
k=0

and set
IP4 = HPn=a( X)),
Thus
W= @ HYUX,C), FP= @ H*(X).

d>2n—I s r<n—p
With this choice of indexing the operators L, where w is a Kahler class, are
(—1, —1)-morphisms of MHS. Using Hard Lefschetz theorem, the Riemann-
Hodge bilinear relations state that mixed Hodge structure is polarized of
weight n, by the rational bilinear form () defined by

Qla, B) = (—1)’”(’”“)/2/ aNf; a€H,peH"".

X
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3.4 Mixed Hodge metric

Mixed Hodge Metric is a theorem of A. Kaplan, explaining that the [P4-
decomposition of a polarized MHS is split over R. If (F, W) be a mixed

Hodge structure, then there exists a unique functorial bi-grading,

V= (3.19)
X
of the underlying vector-space V¢, such that

o FP=(Pr+*

azp

o W, = 6}9 Imb

a+b<k

o IP7=19 mod € I
r<q,s<p
Proposition 3.4.1. (A. Kaplan) [K] Let (F,W,8) be a graded polarized
mized Hodge structure, with underlying vector space Vo = Vg ® C. Then
there exists a unique positive definite hermitian inner product h on V with

following two properties:

(a) The bi-grading V = @&, 4177 is orthogonal with respect to h.
(b) If u,v are elements of I, then h(u,v) = *~18([u], [0]).

The associated mixed Hodge metric h is the unique hermitian inner
product on Vg, which makes the associated bi-grading (3.19) orthogonal
and satisfies

h(u,v) = P~9Gr!"

PR Grmq@>p+q, u,v € P17 (3.20)

The concepts of the period map and period domain of pure polarized
Hodge structure discussed in 1.0.1 and 2.8, can be generalized for mixed
Hodge structures. This naturally raises the question of possibility to gener-

alize the nilpotent orbit theorem of W. Schmid to mixed Hodge structure.
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Let M be this generalized period domain. M can be regarded as a subspace
of a flag variety. The afore-mentioned bilinear form defines a metric on the
period domain of the mixed Hodge structure, i.e. a hermitian form on its
tangent space. This means the trivial bundle V' x M — M inherits a her-
mitian structure, and this structure is via this identification. This metric is
Gr = Aut(Q, R)-invariant, cf. [P1].

3.5 sly-orbit Theorem for VHS’s

Let (W, Fy) be a MHS on Hg, split over R and polarized by Fo_lg Ngl(Hg).
Since W = W/(N)[—k], the subspaces

H= Y I"W,F), —k<I<k
p+q=k—+l

constitute a bi-grading defined over R. Let Y be the linear map of multipli-
cation by [ on H;. Since NH; = H;_o,

[Y, N] = —2N.

Then there would exists an N € g = gl(H ), such that [Y, N;] = 2N, [Ny, N] =
Y. One may define a homomorphism p : sly — gl(H), such that

p(X-) =N, p(X3) =Ny, p(Z) =Y

Such a homomorphism is called Hodge at F' € D; if it is a morphism of
Hodge structures when g is equipped with filtration F.

Theorem 3.5.1. (sly-orbit Theorem - W. Schmid) ([SCH] Theorem 5.3)Let
z — exp(z.N).F be a nilpotent orbit. Then there exists,

o A filtration F /=1 := exp(iN).Fp lies in D.
o A homomorphism p: sl(2,C) — g, Hodge at F .
e N =p(X-)

e A real analytic Gr-valued function g(y), such that;
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e Fory >>0, exp(iy.N).F = g(y) exp(iyN).Fy, where Fy = exp(—iN).F /1.

e Both g(y) and g(y)~! have convergent power series expansion aty = oo
of the form 1+ > Apy™™ with

A, € Wy_1g Nker(adN)" ! (3.21)

The sls-orbit theorem expresses some additional data that can be taken
out from a nilpotent orbit, i.e. the orbit a base point F € D, that lies
in D from some point on. The choice of the function g characterizes a
distinguished orbit of polarized Hodge structures which are real split, i.e
can be written as direct sum of pure Hodge structures ( this is by the
representation p ). The concepts of this theorem should be understood as a
matter of representation theory, and can be applied to general period maps.
In section 8.7 we apply some ideas relevant to this theorem to the mixed

Hodge structure of isolated hypersurface singularities.

3.6 Variation of Polarized Mixed Hodge

Structures

In this section we try to generalize some of the previous concepts to Variation
of MHS’s.

Definition 3.6.1. [P1] A variation of graded polarized mixed Hodge struc-
ture (VGPMHS) H — S consists of a Q-local system Hg over S equipped
with

e A rational increasing weight filtration
0C. WL CWiy1 C...CHyg

by sub-local systems.

e A decreasing Hodge filtration
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0Cc.FPCcFrlc...CcH=Hc®04

by holomorphic sub-bundles.

e Relative to the Gauss-Manin connection of V:

VIP C QL @ I (3.22)
e A collection of rational non-degenerate bilinear forms

Sk : Gry (Hg) ® Gr) (Hg) = Q (3.23)

such that,

e Tor each integer k the triple (Gr}"(Hg), FGr)Y (Hq), Si) define a vari-

ation of pure polarized Hodge structure of weight k.

The data of such variation may be effectively encoded in its monodromy

representation;

p:m1(S, s0) = Gl(Hs,), Image(p) =T (3.24)

and its period map

¢:S— DT (3.25)

To obtain such a reformulation, we may assume S to be simply-connected.
Trivialization of H relative to a fixed reference fiber H := JH,, via parallel

transform will determine the following data

e A rational structure Hg on H.
e A rational weight filtration W on H.

e A variable Hodge filtration F'(s) on H.
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e A collection of rational non-degenerate bilinear forms

8r:GrY @ Grll —C (3.26)

of alternating parity (—1)*.

subject to the conditions

e The Hodge filtration F(s) is holomorphic and horizontal i.e.

FP(s) c FP~l(s) (3.27)

FP(s) C FP(s),

a(s;) 9(s;)
relative to any choice of holomorphic coordinates.

e Each pair (F(s), W) is a mixed Hodge structure, graded polarized by

the bilinear form 8.

Conversely, the above properties determine a VGPMHS. To extract a clas-
sifying space, note that by the properties, the graded Hodge numbers hP4
of H are constant. Therefore the classifying space consists of all decreasing
filtrations F' of H such that (F,W) is a MHS, graded polarized by 8 and

dime FPGry = hrr (3.28)

r2p
To obtain a complex structure on D, one may regard it as an open
subset of "compact dual’ D. More precisely one starts with a flag variety F

consisting of all decreasing filtrations F' of H such that

dim FP = fP,  fr= Y h"* (3.29)

T>D;s
To take account the filtration W, define D as the sub-manifold of F consist-
ing of all filtration F' with additional property

dim FPGry =Y "hFT (3.30)

r>p
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The equation hp(u,v) := 8(C.u,v) defines a hermitian metric on D called
Hodge metric, In our case Mixed Hodge metric, [P1].
Given a VGPMHS; V — S we may apply Deligne decomposition point-

wise, to get a C'°°-decomposition
V= Pore (3.31)
p’q

Example 3.6.2. [KU] Take
Hy=Q*=Qey + ... + Qey.
Let
W_3=0CW_a=Re; CW_1 =W_o+Rez+Rez CWy=Hyr
and
(eq,e4)0 = 1,(e1,€1)—2 =1, (e3,e2)—1 = 1.
where the sub-index correspond to W-grading. Choose,
ROO = p0—t = =10 = p=1=1 = 1 pP4 = 0 for all other p,q .
as Hodge numbers. Define the F-filtration is
F~1'= Hoc D F% = C(z1€1 + 22e2 + €3) + C(22€1 + 23€2 + €4) D 0.
Then we have isomorphism of complex analytic manifolds
D=H xC3, D(gr"") = D(gr")) = H

where H is the upper half plane.

3.7 Hodge sub-bundles and complex structure

We begin by the definition of a Higgs bundle,
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Definition 3.7.1. A Higgs bundle (E,d + ) consists of a holomorphic

vector bundle (E, ) endowed with an endomorphism valued 1-form

6:E%E)— "Y(E) (3.32)
which is both holomorphic and symmetric ( d(6) =0, 6 A6 = 0).
Let 'V be a variation of pure polarized Hodge structure arising from the

cohomology of a family of smooth non-singular projective varieties f : Y —

X. Then by virtue of the C*°-decomposition
V = Oppg=IH1

underlying smooth vector bundle £ = V ® 89( of V inherits an integrable
complex structure 0 via the isomorphism

FPr
gp—i-l

P —
and the holomorphic structure of FP. Likewise the Kodaira-Spencer map
kip : Tp(X) = H'(Yy, ©(Y}))

defines a symmetric endomorphism valued 1-form 6 on FE via the rule
0(¢)(0) = Kp(€) Uo. To prove that (E,0 + 6) is indeed a Higgs bundle,

observe that we may write the Gauss-Manin connection as
V=7+0+0+6,
relative to a pair of differential operators,
0:E%E) — 0%(E), 9:E%E) — oM(E),
preserving the Hodge decomposition, and a pair of tensor fields

T HPO — €01 @ Frptla-l

0 : HPd — L0 @ Hp—Latl,
Expanding out integrability condition V2 = 0 it follows that
0% =0, 06 = 0, N0 =0
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This proves (F,d + ) is a Higgs bundle. Moreover, given any element
A € C*, the map

fV—>V f’j{p,q:Ap
defines a bundle isomorphism
(E,0+0) = (E,0+\.0).

Consequently, the isomorphism class of a Higgs bundle is the fixed point of

the C*-action
A:(E,0+0) — (E,0+ \.0).
cf. [P1]. This shows the following fact;

Proposition 3.7.2. [P1] Every complex variation of pure Hodge structure

carries a natural Higgs bundle structure 0+6, invariant under the C* action.

By a complex variation we mean to forget about the real structure. More

generally we have the following

Proposition 3.7.3. [P1] A Higgs bundle defined over a compact complex
manifold X admits a decomposition into a system of Hodge bundles if and
only if

(E,0+0) = (E,0+ \0)

for each element \ € C*.

3.8 Example

Consider the PVHS over T’ the punctured disc in C, of weight 1 on H of
dim = 2n. Denote by @ the polarization form, and let

®:T7"— D/Sp(Hz, Q)

be the corresponding period map. The monodromy logarithm satisfies, N? =

0, and its weight filtration is
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W_1 = Im(N), WO = ker(N).
Let Flim, be the limiting Hodge filtration. We have a bi-grading on H;
H(C — IO’O @ IO,l o) Il,() D Il,l

defined by (W (N)[-1], Fiim). The nilpotent transformation N maps I'!
isomorphically onto I%°, and vanishes on the other summands. The form
Q(., N.) polarizes the Hodge structure on gry’, and hence defines a positive
definite hermitian form on I'"'. Similarly, Q polarizes the Hodge decompo-
sition on %! @ 9. Thus, there is a basis such that

0 0 I, O
0 0 0 O
N =
00 0 O
00 0 O
0 0 -1 0
0= 0 0 —Ih—
I, 0 0
0 Inp O 0

where v = dim I'"'. The limit Hodge filtration on I'? @ I%! is given by the

subspaces spanned by the columns of 2n x n matrix

0 0
0 il,—
Fliny = 0 72) !
0 In—y
The period map can be written as
logt

B(t) = exp(Q—i.N). exp(D(t)). Fiim
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where

W(t) = ( 1§7gritlv;f411(t) Aa(t) >
Afs(1) A (1)

with A11(T), Aaa(t) symmetric, cf. [C1].
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Isolated hypersurface

singularities

A series of examples for variation of mixed Hodge structure is given by
families of analytic manifolds given by a germ of holomorphic function on
(C"*1,0). An interesting case where the associated VMHS is polarized is
when this germ has a unique isolated singular point at 0. Such a germ
far from the singular fiber defines a C'"*°-fibration, according to a theorem of
Milnor. By a well-known fact namely Finite Determinacy Theorem, [SCHU]
page 12, there always exists a coordinate change such that our germ becomes
a polynomial with degree as large as we like. We use this through the text,

without mentioning it.

4.1 Milnor fibration

Consider the isolated singularity germ,

f:Ccv -, f(0) =o. (4.1)

We take a sufficiently small ball B(0, €) such that the spheres 0B(0,¢€'), € < €
are all transverse to f~1(t), t < e. Then we put X = B(0,e)Nf~ YA, =T),
where 7 are taken sufficiently small. The fiber X has an isolated singularity

at 0. The restriction

FiX' =X\Xo—=T' =T\0 (4.2)

is a locally trivial fibration namely Milnor fibration. The Milnor fibers f~1(t)
have the homotopy type of the wedge of u spheres, where
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C{l’o,...,l’n}
J)

The singular fiber is homeomorphic to the cone over the manifold L :=

pu(f) = dime J(f)=(Oof, ..., 0nf)

SN Xg=0Xp , the link of the singularity, which is homotopy equivalent to
the complex manifold Xy — 0. By the triviality of the Milnor fibration near
the boundary, one can identify L with the boundary 0X for t € A*. From

the homology sequence

0— H,(L) — Hy(Xy) — Hp(X,0Xy) — Hp—1(L) — 0 (4.3)

of the pair (X, 0X;) , we see that L has non-trivial homology only in degrees
n — 1, n and that these are put in duality by the intersection product.
we use the notation X, := Xy X H, namely the canonical fiber, where
H :={z € C| Im(z) > 0} is the upper half plane.

Naturally we construct the cohomology bundle

¥ = | JH"(X,,C) (4.4)
teT’

which is a complex vector bundle admitting an integrable connection
Vd/dt = 8t H—->H (45)
which is holomorphic. One has H = (O )* and hence, (i.H)o = (@O ).
The connection V4,4 induces a differential operator
8t : (Z*j{)o — (2*3{)0 (4.6)

P. Deligne introduced a C{t}[t~!]-vector space G C (i.3() of dimension

p, which is 9, invariant and is a regular singular C{¢}[t ~!]-module as follows.

For w € Q}H, the Leray residue provides a holomorphic section

slwl(t) = [%b{t] - Tes(foi 5 €0 (4.7)
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of H. When no ambiguity arises we omit the restriction symbol and simply
write w/df through the text. Then, one can define

C% :=ker(toy —a)" C G, r >> 0. (4.8)

and

H™(Xs0,C)y = ker(M, — \)" € H™(X»,C) (4.9)

to be the generalized eigne-spaces, where M is the monodromy. Let M,
be the unipotent part of monodromy and N = log(M,). Then for A €
H"(X4,C)y and a € Q with e=27@ = ), the section

s(A,a)(t) =t exp(logt.%).fl(t) (4.10)

is well-defined, namely elementary sections of . In this way we build a
map g : H"(Xoo,C) — (ixH)o, with 94 (A) = (i+s(A, @))o. It gives an

isomorphism

Vot H'(Xoo,C)y — C* C § (4.11)

where C? is the image of H" (X, C)y. The map v, fulfills the properties;
(tO—a)othq = Yao(—N/2mi), tor)y = Ya+1. They build up the isomorphism

= P v H' X, O)= P HE ™ - P ¢ (412)

—1<a<0 —1<a<0 —1<a<0

such that the monodromy M on H™ (X, C) corresponds to exp(—2mi.t0;)

on @ C®. Tt holds that t : C* — C**! is always bijective and 0, : C* —
—1<a<0
C>~1 is bijective for a # 0. Then we have

5= € c{r e (4.13)

—1<a<0

Theorem 4.1.1. ([SC2] cor. 3.8) The connection 0y : § — G is regular
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singular at 0, i.e. has a pole of order at most 1 at 0.

4.2 MHS on Cohomology of Milnor fiber

Assume f : X — T is a Milnor fibration. By the finite determinacy theo-
rem, with a suitable coordinate change one can embed the fibration into a

projective one 7y = fy : P! — C such that:
e f is a polynomial of sufficiently high degree, say d = deg f
e Zero is the only singular point of the closure Yy of f;-1(0) in P"+1(C)

e The closure Y; of f~1(¢) in P"*!(C) is smooth for t € T".

Remark 4.2.1. The 0 mentioned in the second item is different from the

the origin in C"*!. It would lie in a hyperplane in P**!

We obtain a locally trivial C*>°-fibration ¢ : Y' — T" with

F(ZO> SxE) ZnJrl) = Zg+1f('z0/zn+17 (xR} zn/zn+1)7

Y ={(z,t) e P""Y(C) x T | F(z) — tz¢ | = 0}.

The map 7y is the projection on the second factor. The monodromy
My on the primitive part P"(Y;,Q),t € T’ of the middle cohomology
of a regular fiber is quasi-unipotent. My, My, and Ny can be defined
similarly and they satisfy similar relations as the local case. There is a
(—1)"-symmetric nondegenerate intersection form I3 on P"(Y;, Q). We set
Sy = (—1)Mn=D/2[¢oh - Also set Yo, = Y/ x7v H. The pure Hodge structures
on P"(Y;, Q) are polarized by Sy. By the nilpotent orbit theorem, the limit
filtration

FS, = lim  exp(Ny.t)Fy, (4.14)

Im(t)—o0

on P"(Y;,C) is well defined. This means that we equip H" (Y, C) with the
limit Hodge filtration as in (2.44) or the same in (3.10).
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Theorem 4.2.2. [H1]
Sy, Ny, We, ES give a polarized mized Hodge structure on P™(Yy). It

is invariant w.r.t Mys.

Remark 4.2.3. There exists an exact sequence

0— H"(Yy) = H"(Ya) = H"(Xoo) — H"™ (V) = H" 1 (Yoo) = 0
(4.15)

Theorem 4.2.4. (Invariant Cycle Theorem)[H1] If f is a polynomial of
sufficiently high degree s.t the properties above are satisfied. Then the map-
ping i* : P"(Yoo) — H"(Xw) is surjective and the kernel is ker(i*) =
ker(My — id). Moreover, there exists a unique MHS on H"(X~) namely
Steenbrink MHS, which makes the following short exact sequence an exact

sequence of mized Hodge structures

0 — ker(My —id) - P"(Ys) - H"(Xs) — 0. (4.16)
The MHS’s are invariant w.r.t the semi-simple part of the monodromy.

The aforementioned MHS on H" (X, C) is called Steenbrink MHS, which

is also polarized cf. sec. 5.2, see also section 6.3.

4.3 Twisted de Rham complex

Assume f : (C"*1 0) — (C,0) is a hypersurface germ with isolated critical
point. The formula for the dimension of cohomology of the Milnor fiber X,

is

Cllxoy -y Tn]]
J(f)

There are various proofs of this fact. One of them consists of deforming f

dim(H™(X,,C)) = dim( ). (4.17)

by adding a generic linear form and counting the number of simple critical
points of the deformed function.
Following Brieskorn one may prove it in this way. The right hand side

of equality is the (n + 1)-cohomology of
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Chapter 4. Isolated hypersurface singularities

df a
0= Ognitg = Qi g = - = Qi g =0

known to have no other non-zero cohomologies. If we twist it with a new

variable z, we get the following

zd—df \
—>f .

0= Ocnriollel] =" QL o [12]] o RN [P

(Cn+170

It has non-zero cohomology at most in degree n + 1, that is a free C[[z]]-
module of rank dim(H"(X¢,C)). The cohomologies of the second complex
(f isolated or not) are called local Gauss-Manin systems. One can use a
polynomial version of the complex rather than a power series one. Then, we

obtains the following well-known result.

Proposition 4.3.1. [SA1] For each k, GE := H*(X,Q%[z], 2d — dfA) is a
free C[z]-module of finite rank. Moreover, the two modules

G
z.GE’

Gy

k o —
H*(X,Q%,d—df) = EYe S

H*(X, 0%, df) =

have the same finite dimensions. The theorem is true if Q5% is replaced by
Q% (log D).

The C[[z]]-module

HO = H"™™ Q211 o[[2]], 2d — df A) (4.18)

is called the Brieskorn lattice. In this setting the role of the polarization in

ordinary Hodge structures is played by the so called higher residue pairings,

K=Y K" : 30 @3 - C[[2]]. (4.19)
k>0

or by the generating function

K=Y K" 350 @ x® - C[2]]. (4.20)
k>0

It is a sesqui-linear, flat skew hermitian pairing. We have the following

iomorphism,
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Chapter 4. Isolated hypersurface singularities

HO Qg gll2l]
2HO T df AQS,L [[2]]

(4.21)

70



Chapter 5

Bilinear forms for

singularities

In this chapter different bilinear forms on the middle cohomology of Milnor
fibers are studied. We also provide some examples for more conveniences.
We assume the holomorphic germ f : C**! — C to have an isolated singular-
ity at 0 € C"*! through all this chapter. When concern with the projective
compactification we specify as fx for the local fibration in affine space and
fy for the projective one as in 4.2. In section 5.3 by using hermitian form
of D. Barlet, we give another proof for the existence of polarization, namely

prop. 5.3.4 which is the same as 3.2.1.

5.1 Intersection form

Assume f : C"*! — C be a milnor fibration with isolated singularity, and

monodromy M € 71 (T”). The Intersection form
I:H,(X4,Z) x Hy(X4,Z) — Z
is (—1)"-symmetric and M-invariant. Its kernel is
Radl = Ker(M —id) C Hp(X:,7)
The long exact sequence of the pair (X, 0X;) becomes
0— H,(0Xy,Z) — Hy(Xy,Z) = Hp(X4,0X4,2) — Hp—1(0X4,Z) — 0

and H,(0X,7Z) = ker(M —id) C H,(X¢,Z). The canonical map
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Chapter 5. Bilinear forms for singularities

can : Hn(Xt,Z) — Hn(Xt,Z) = Hn(Xt,ﬁXt,Z)

and [ are related by I(a,b) = (can(a),b), where (,) is evaluation given by
duality. The canonical isomorphism H"(Xy,Z) = H, (X, 0Xy,7Z) gives

Var: HY(Xy,Z) — Hy(Xy,Z),  Var(y) = [M(v) — 1]

where [4] is the representative in H,, (X, 0X;,7). A form I°"(A, B) can be
defined by

I"(A, B) = I(Can™'A,Can~'B).

The Milnor fibration f defines a usual fibration on S! given by (qu)_l(t /|t])-
The form

L:Hy(X),7) x Hy(X4,Z) — 7 (5.1)

defined by L(a,b) = (Var~!a,b), is called the Seifert form. It can also be
expressed by L(a,b) = lk(a,b) , where ’a’ means lift of the cycle by the
fibration (%)_l(t/ [t|) and [k is the linking form on $?"*!. Classically, it is
equal to the intersection number of (A, b) where A is a cycle on S2"+1 which

0A = a, [H2).

Example 5.1.1. [A] Consider the family fy = 23 +y3+ \z2y. For any fixed
A, the function fy has an isolated singularity at 0. g = 4 is constant in the
family and a basis of Jacobi algebra is given by 1, z, 22, y. Set w = xdy—ydz,

easy computation gives

2 __4df 2
d(z°w) = 37> Natw

According to [A] page 134 and [BA], the set B = {] )\_2/3w], (£ taw], [ £ tyw], [f)\_4/3x2w]}

provides a multivalued horizontal basis of the Gauss-Manin bundle. The
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Chapter 5. Bilinear forms for singularities

matrix of the intersection form takes the form, ([A] page 135)

0 2 0 O
A - 0 0 0
0 00O
0 00O

5.2 Polarization form S

Consider the Milnor fibration f : X — T embedded into a compactified
(projective) fibration fy : Y — T such that the fiber Y; sits in P"*! for
t # 0 with only unique singularity at 0 € Yy over t = 0, and also there exists

a short exact sequence

0 — H™(Y,,Q) > H"(Y;,Q) — H"(X,,Q) =0,  t#£0. (5.2)

We have H"(Yp, Q) = ker(My — id), by the invariant cycle theorem, where

My is the monodromy of fy. The form Sy := (—1)"("=D/2[¢oh . F™(Y;, Q) x

H™(Y;, Q) — Qis the polarization form of pure Hodge structure on H"(Y;, C),
t € T'. W. Schmid has defined a canonical MHS on H"(Y;, Q) namely limit

MHS, which makes the above sequence an exact sequence of MHS’s. In the

short exact sequence, the map * is an isomorphism on H"(Y;,Q)x —

H"(X;,Q)y giving § = (—1)n(n=1/2[coh = (_1)n(r=D/21e0h — Gy on

H"™(X;,Q)x£1. The above short exact sequence restricts to the following,

0— ker{NY : Hn(n:@)l — Hn(Y;t;Q)l} — Hn(Y'bQ)l — Hn(XtaQ)l —0
(5.3)
So a,b € H"(X;,Q); have pre-images ay,by € H"(Y;,Q); and

S(a, b) = Sy(ay, (—Ny)by) (5.4)

is independent of the lifts of ay,by, by the fact that Ny is an infinites-
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Chapter 5. Bilinear forms for singularities

imal isometry for Sy. The equation 5.3 defines the desired polarization
on H"(X;,Q)1. The polarization form S is M-invariant, non-degenerate,
(—1)"-symmetric on H"(X;, Q) and (—1)"*-symmetric on H"(X;, Q)1,
[H1].

Lemma 5.2.1. [H1] The bilinear form S on H"(Xoo, Q) defined by

Sy(ay,by) a,be H;,gl
Sy (ay, (—Ny)by) a,be Hy

S(a,b) = (5.5)

18 non-degenerate and invariant with respect to the monodromy.

Theorem 5.2.2. [H1] Steenbrink MHS and S yields a« PMHS of weight n
on H" (X, Q)41 and PMHS of weight n+1 on H" (X, Q);.

Example 5.2.3. [HS] Consider the following topological data: Let Hg°
be a 3-dimensional real vector space , Hz° = Hp° ® C its complexification
and choose a basis H® = @?:1(:141‘ such that A; = As and Ay € Hg.
Moreover, choose a real number a; € (—3/2,—1) and put ag = 0, az :=
—ai, and let M € Aut(HZ) be given by M(A) = A.diag(Ai, A2, A3) where
A= (A1, Ay, A3) and \; = exp(—27ic;). Putting

0=Fj CFy =CA C F§ =CA & CAy = F; ' C F;? = H®

defines a sum of pure Hodge structures of weights 0 and —1 on H2q and

HE. A polarization form is defined by

S(A", A) =

o = O
o o 2

where v = 51T (a1 + 2)['(az — 1). In particular we have for p = 1,

2711
P~ LIPS Ay, Ag) = (—1).d. S(A), Ag) = Heat2les—D) o g

and for p=0
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Chapter 5. Bilinear forms for singularities

ip_(_p)S(AQ,AQ) = S(AQ,AQ) > 0.

So that F indeed induces a pure polarized Hodge structure of weight —1
on H = CA; @ CA,y and a pure polarized Hodge structure of weight 0 on

H> = CAy. M is semi-simple and its eigen-spaces are one dimensional.

Remark 5.2.4. A Hermitian form can be associated to the polarization
form S:
h:H"(X;,C)x H"(X;,C) - C
h(a,b) = (—1)7"0(”—1)/2 (27:,-)715((1,5)7 on H"(X;,C)n
h(a,b) = (-1

Ws(@a b) on H"(X;,C);.

5.3 Hermitian form

D. Barlet, [BV], [L], defines the Hermitian form

. on+1 n+1
B Rl o x QR o N

w W

w,w) — 1n/ — A=
( ) (2me) tidf df

where N = @ C[[t, )] |t|** log(tt)* /C[[t, T]], and p is a bump function on
aeQ,keN
a sufficiently small neighbourhood of 0 € C.

Theorem 5.3.1. ([SC2], [L], [V] page 38) If d = deg(f) is sufficiently large
then the form w € Q}H can be prolonged to P! such that the its Leray
residue w/df := w/(f —t) extends to residue of the prolongation form on
Y. Moreover, the extension can be such that its Jordan blocks decomposition

remain similar.
w
The residue d—f|y(5) is expanded as Laurent series expansions in terms of
powers of log(s) in the following form,
w
— =sk(a) +al log(s) + ... +aX_ log(s)" 1 +..)

Zlif = s (b 4 b log(s) + ... + bY_ log(s)" ' + ...)
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Chapter 5. Bilinear forms for singularities

where a bY are multi-valued horizontal sections of the Gauss-Manin system

of s — P"(Y(s)) and Nya} = a) ,, and similar for ¥'s.

1 w W
F(5) = G /f o (5.6)

The difference between the function F' and similar one for projective fibra-

tion Y namely,

_ 1 n
Gls) = (2m)n/fyzs"df N (5.7)

is C*°, where 7 is the prolongation of w as in 5.3.1. As the fiber of fx (resp.

fy) are transversal to 0X (resp. O(Y)) and because fy has no critical
point in Y — X. By definition h(a,b) is the coefficient of s¥5* log |s|? in the
expansion at s = 0 of G and F both, [L]. We write

(27i)"G(s) = s°5¥ ( / a¥ ABY +log(s)
fr=s

fr=s fr=s
(5.8)
On the other hand expanding the form B gives,
5 (logt.t)k (log t.t)k+1
>t e h(N* 5o (w + ) tﬂi)'h(Nk.sa(w), s5(n))
o,f¢N a,BeN
(5.9)

When the section belongs to the eigen-space H, the intersection or polar-
ization form for Milnor fibration of f agrees with that of fy. A comparison

of coefficients in 5.8 and 5.9 provides the following theorem.

Theorem 5.3.2. [L]

(1) h is non degenerate.

(2) If Q is the cup product on Hzq,

Vx,y € H¢1 X Hil, h(m,y) =

(27:2,)” Q. 7). (5.10)
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Chapter 5. Bilinear forms for singularities

[The coefficient of [t|?™log(t)! in the first sum is ﬁ@’(N}l,U, U). On the
other hand, this coefficient is ﬁh(]\ﬂu, w) [L]]
The embedding X; — Y; can be in a way that the restriction r, : H"(Y;,C) —

H™(X;,C), t # 0 is surjective. Then we have the following short exact se-

quence for the eigen-space H; of these spaces.
0—1— H{(Y:) —» Hi(Xy) — 0.

where I being the kernel. We write the residue in the form

[R@#)] = > IV +t™WU + > ™™ U,

j<m a>m

where 7(U) = wu, Vj €I, U, € H'. In this way

/Y R(@(1) A R@0) =
P2y + (3 3 @/ (B o B RGT oape
r=0 s=0 ’ ’

" (log tt)!
!

= P(|t]*) + [t1*™( Q'(Ny'U,U) + o([t[™)).

1=0
As before a comparison of coefficients of the last form with that of 5.8 yields,

(L1,

Theorem 5.3.3. [L]
Va,y € Hy X Hy, h(x,y):WQ’(Ny:i,g]).

It is easy to reprove Riemann-Hodge bilinear relations in the variation of
mixed Hodge structure associated to a projective fibration. If F®, W, be
the Hodge and weight filtration defined by Steenbrink, and P*+" := {u €
Gr}ﬁn|N k+1y = 0} the primitive components, it has a pure Hodge structure

of weight k£ + n, so

pktn _ @ ppra

prg=k+n
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Let PP = Hy N PP, Pi’lq = Hy N PP9. Then the Riemann-Hodge
bilinear relations on the mixed Hodge structure of H"(X,C) have the

following description.

Proposition 5.3.4. [L] The following holds;
1) If (u,v) € PP? x P]"°, p+qg=r+s=n+k, then

o M(N¥"lu,0) =0, if  (p,q) # (r,5).
o Ifu=#0, (—1)n=1)/2Hktpp(NF=1y 4) > 0.

2) If (u,v) € PiquP;f, p+q=r+s=n+k, then

o M(NFu,v)=01if  (p.q) # (s,7).
o u#0, (—=1)Mn=D)/ 24Pk p( Nk, ) > 0.
Proof. This follows from 5.2.4, 5.3.2 and 5.3.3. 0

Example 5.3.5. [BA] Take f = 2% + ¢® + 23. A monomial basis of Jacobi
algebra is given by,

17 :L" y’ Z? :L‘y7 y27 ZCL‘? :'Uyz'

Hence 4 = 8. Set w = xdy A dz + ydz N\ dx + zdx A dy. Then by easy

calculation we have,

dw = i{/\w,
o) = 5L nww, ) =3 L g, i) = g;
5 df

) d
d(zyw) = g; A zyw, d(yzw) = 2]{ ANyzw, d(zzw) = 37 A zzw |
d(zyzw) = 2%{ N xyzw.
The forms

W, . TwW Yyw W, L TYW, (YRW, ZTW, (TYIW

15 i e s G el G (1)
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Chapter 5. Bilinear forms for singularities

give a basis of horizontal multivalued sections of the Gauss-Manin system,

[BA]. In this basis the monodromy is given by the matrix

exp(4mi/3)

The forms

exp(4mi/3)

{w, 1w, Yyw, 2w, Tyw, Yyzw, zaw, ryzw}

exp(4mi/3)

exp(2mi/3)

exp(2mi/3)

exp(2mi/3)

provide also a basis for the Gauss-Manin module. If we denote this bases as

{mgy} for suitable bump function p,

/ pw A @ = ci]s|. log|s|
=s

/ plmilPw A @ = cs|]?.|s|¥3, i=2,3,4
=s

/ plmil?w A@ = ¢i|s|2|s|'3, i=5,6,7
=S

where ¢; are real.

/ pw A @ = cg|s|?.|s|* log |s|
=s

So the matrix of the hermitian form with respect to bases of multivalued

forms above is given by
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C1
C2
C3
-1 Cq4
R Cs
Ce

Cr

C8

5.4 Grothendieck Residue Pairing

The Grothendieck residue is a linear form on Jacobi algebra defined by

O(C"“Ll,()
(0f /0xq,...,0f | Oxy,)

gdx o 1 gdx
of of 1 (2mi)ntl J Of O

Oxg """ 0Ty, € Jxg """ Oxn

—C

A =

g — Resg

It does not depend on e , but does depend on coordinates x, ..., z,. It

induces a bilinear form Resf g on

Qf = Qi o/df A Qi g

R€8f70 : Qf X Qf —-C

g1g2dx
(gldf]f, dex) — Res() M] y
Oxo """ Oy

which is independent of the coordinates xg, ..., z,. The form Resy g is sym-
metric and non-degenerate (proved by Grothendieck), and it is equal to the

sum of local residues at each critical point.
Example 5.4.1. [PV] Take f = 23 + zy?, Then the Milnor algebra for f is
Ap = C{z,y}/ (32 + 92, 2ay).

For w = 2ydx A dy, compute res f(w,w):
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da2dx A dy
(322 4 y?).2zy

Reso(w,w) = Res] ]

To compute this residue we change the variable to u = v/3z + y and v =
V3z —y, and observe that u? = (322 +y?) +v/3(22y) and v? = (322 +y?) —
V/3(2xy). Therefore, the above expression is equal to

—4(%5%)2%.du A dv

Resg 22 =2

Example 5.4.2. Take f = 2% in one variable only. The forms z™dz, m =
0,1,2 give a basis of Gj. Then

z [fazmtm
Kf(wmwm’) = 27”/4x3 = Zém,Q—m"Z'

is the higher residue pairing of K. Saito. The Grothendieck residue is easy

to calculate in this basis
1

Resyo(z™dx, xm/dx) = Z(Smyg,m/.

Remark 5.4.3. The residue pairing can be defined in a more general context
[G3], for a regular sequence {fo, ..., fn} of holomorphic germs defining an

isolated singularity at 0 € C**!. For a function g, first set

_gdzg N ... Ndzp

ot (5.11)

then define the residue as

Resow = (%)” /Fw (5.12)

™

where T' = {z; |fi(2)| = €}, is oriented by
d(arg fo) A ... Ad(arg f,) > 0.

This generalizes the previous definition. Residue depends only on the ho-

mology class of I' and the cohomology class of w for trivial reasons. Also,

S0 (0] #0.
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The residue pairing in this way just depends on the ideal generated by
J(f) = (fo,--, fn), and not to generators chosen. Moreover, for germs al-

ready in this ideal the residue degenerates. In this way it induces a form
resy: 0/J(f)®0/J(f) = C

The last pairing is known to be non-degenerate, namely local duality theo-

rem.

Remark 5.4.4. The image of 1 or the integral

evaluates the intersection number of divisors D; := {f; = 0} as deg(f). It
also shows that this number is locally constant. In case, f; = df/0x; this
number is equal to the Milnor number of f that is dim Ay, the Jacobi or
Milnor algebra. Residue also satisfies a type of continuity principle, meaning

it remains constant in continues deformations.
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Hodge theory of Brieskorn

lattice

The limit MHS can be defined in a quite different way using invariants of
the singularity. In this chapter we give another definition of Steenbrink limit
mixed Hodge structure by the Structure of Brieskorn lattice. We define the
basic tools as; the V-filtration, Brieskorn lattice, and spectral pairs of the
isolated singularities. These data are systematically used in Chapter 8 for

the main contributions.

6.1 Elementary sections

Assume f : C"t! — C is a holomorphic germ having isolated singularity at
origin. Let X be the intersection of a closed ball in C"*! centered at 0 € C
with the pre-image under f of an open disk T in C centred at 0 € C. By

appropriate choice of X and T, the restriction
X' =x\ ) -Lrvo=1 (6.1)

is a C*° fiber bundle, and the restriction of f to 0.X is a trivial fiber bundle.
Let M = M. M, be the decomposition of M into semi-simple and uni-potent

parts and

log M,

N =— -
21

(6.2)

the logarithm of the uni-potent part. Then by the monodromy theorem
(Theorem 3.1.1) N"*! = 0 and even N™ = 0 on the generalized 1-eigenspace.
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Chapter 6. Hodge theory of Brieskorn lattice

The eigenvalues of M, are the root of unity,

—27iN € End(Hg) (6.3)

is defined over Q. We consider the pull back of the cohomology bundle under
the universal covering o : H — T"; where we denote it by Hoo. The sections
of Hy are called multivalued sections of H. We use the same symbol H for

the sheaf of multivalued sections, when no ambiguity. Let

C* =ker(td; — a)" C (ixH)o, A =log(2mia), -1 <a <0 (6.4)

for the greatest r such that the transformation (t9; — «)” # 0. The sections

Sa(A) = t%exp(N logt)A(t) —-1<a<0. (6.5)

Where A € Hé‘a is a multivalued section of I, define a single valued sections
called the elementary section associated to A.

The local elementary sections of the cohomology bundle at the critical value
0 generate a regular C{t}[t~!]-module G, namely the local Gauss-Manin

system defined by;
5= > C{tj e (6.6)
—1<a<0

G is a p-dimensional C{t}[t~!]-subvector space of (i.H)o.
Proposition 6.1.1. ([SC2] prop. 3.5) 0; : § — G is invertible.
Definition 6.1.2. We denote s := ;. Then, 9 := d?.t.
The identities [t, 0] = [s,05] = 1, [t,s] = 52, t = 5.0 are straight-forward.
Definition 6.1.3. We call the maximal C{s}-module

§:=c{yc®e @ c{tit'jc”

—1<a<0

in G, the reduced local Gauss-Manin connection. The p-dimensional C{{s}}[s~!]-

vector space G ®cqisty C{s}[s™!] is called the Gauss-Manin system.
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6.2 V-filtration

The V-filtrations on § is a decreasing filtration indexed by rational numbers

a € Q. It is also called Kashiwara-Malgrange filtration.

Definition 6.2.1. (V-filtration)
The (Kashiwara-Malgrange) V-filtration on G is a decreasing filtration
of C[[t]]-modules V' = (V*)aeq defined by,

Ve =Y "C{t}C” = Da<pcat1 C{t}CP

asfB

Vo= Z(C{t}Cﬁ = Pacp<at1C{t}CP

a<f

The V-filtration can be characterized by the following properties,
o tV>C Vol
o 0. Ve Vel
o 1@V C Ve foralli>j.
e The operator t0; — « is nilpotent on Gry;.

The definition of V¢ and V=% is independent of choice of ¢, and

Va
o = V>a
Then the isomorphism 4.12 becomes
A V>71 V>71
b= @ @y @ o= e L )
—1<a<0 —1<a<0 —1<a<0 ’ )

where the last isomorphism is for trivial reasons.

Proposition 6.2.2. (see [SCHUJ sec 1.6)
Ve and V=% are free C{t}-modules of rank = p.
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A straight forward calculation shows

G — C{1}[) @@@ S0l aiC{tia}t ‘it]%)m] cv-l. (6.8)

where

-1 = ppcityc

X oj=1

Co'T = o (HR)

The above direct sum is an application of the Jordan-Holder structure the-

orem.

Remark 6.2.3. On the C{t}[9;]-module § (Gauss-Manin system) ; is in-
vertible. Note that this is true when f defines an isolated singularity germ.
The subspaces Cy, V*, V> for G = f g x) can be defined similarly.

Definition 6.2.4. The ring

R=C{o;"}} = {D ai0" | Y ait'/i! € C{t}}

i>0 i>0
is called the ring of micro-differential operators with constant coefficients.
Theorem 6.2.5. [H3]
(1) G = @ R[0,]Cy is an R[d;]-vector space of dimension . V&, V>
—1<a<0
are R-modules of rank p.

(2) G is canonically isomorphic to Q@C{t} C{t}[t71] as C{t}[0s]-module.

(3) The C{t}[8;]-module homomorphism G — § induces and an R-module

isomorphism V>—1 — V>-1,

(4) HY c V>=' C G are R-modules of rank .
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6.3 Mixed Hodge structure on the vanishing

cohomology

We begin with the definition of the Brieskorn lattice, due to E. Brieskorn

himself.
Definition 6.3.1. The Op-module
HO = £ df A (.5
is called Brieskorn lattice. We call its stack
H" = K

at 0 € T the local Brieskorn lattice.
We use the two notations H(® and H” equally through the text for

Brieskorn lattice, when no ambiguity arises. We have two other sub-Op-
module of H” defined by,

H = fodf NQ%/df Ad(Q% )
H' = £ /% + df A (%)
of rank p, such that
o« Hos H' S 1
o H'|p = H"|pr = H, cf. def. (4.4).
o H"/H = QO jdf N = Qp = H"/H'.

P Ry Hr, given by,

] — [j;ZL (df Al > [dn]

cf. [SCHU] sec. 1.4, Theorems 1.4.5, 1.4.6 and 1.4.8.
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The 9{(()0) is a C{t}-module with a regular connection V equipped with
an action of 0, L The module G is a localization of F(©) by the action 0, L

We have the following important relation,

HO ortldf ad(fO)
Oy LHO df AL /df Ad(f Q%) !

(6.9)

which follows from the identity 0, Ydn = df A, where 5 € Q%.

By definition the operator t0; — « is nilpotent on C'* and thus Jacobson-
Morosov theorem (cf. [SA1] page 12) or by 3.1.2, we obtain a unique weight
filtration W on C® centered at —n, cf. [SCHU] sec 1.7. Similar statement
holds for the linear map M — id on H' and M — X\ on H* which provide
us weight filtrations centered at —n — 1 and —n, respectively, cf. [SCHU],
def. 1.7.5. By the monodromy theorem both of these weight filtrations have
length at most 2n. This suggests the following definitions.

Definition 6.3.2. 1) The increasing weight filtration W = (W} )xez on G is
defined by

W = @B _1ca<oC{{t}}WC* , by C{{t}}-vector spaces.
2) The filtration W on Hg is defined by
W .= WH(%) &3] WHél, by Q-vector spaces
We have that, grygr'V'g = gr'Vgry/G, cf. [SCHU] page 48.

Definition 6.3.3. Two Hodge filtrations can be defined on H" (X, C) by

venor PH"

FLH" (Xoo, Oy = 05 (0

) a € (—1,0], (6.10)
ven - ton g
V> ’
namely Steenbrink-Scherk and Varchenko Hodge filtrations respectively (know-
ing that V! D HJ, and 0 = F*! = F&:{l) These two filtrations together
with the weight filtration W define two Hodge structures on H" (X, C).

FP H™(Xo0, C)\ = 15 (

ae(-1,0,  (6.11)
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Chapter 6. Hodge theory of Brieskorn lattice

The above definition agrees with that given in 4.2.4, cf. [H1] proposition 4.6
by

Theorem 6.3.4. ([H1] prop. 4.6) The Hodge filtration defined in (6.10) is
the Steenbrink Hodge filtration (see Theorem 4.2.4).

The filtrations
FEG .= 0FH" (6.12)

and
FE.G:=t*H" (6.13)

on G are also called the Steenbrink and Varchenko Hodge filtrations.

Theorem 6.3.5. ([H3], [SCHU] prop 1.7.9)
F* and Fy, are different on H"(X o, C) in general, however the induced

filtrations on the GTZWH" coincide, i.e.

FP GrlV H (X0, C) = FL.GrY H*(X oo, C)

Lemma 6.3.6. ([SAI6] lemma 2.4 of sec. 2) Let f be a germ of isolated
singularity as before, such that f : X' — T’ is smooth. Define AF =
ker(Adf) : Q% — Q’;rl. Then Adf induces an isomorphism Q%,/T, — A[l],

and the natural inclusion A® — Q5% [t,t71] is a filtered quasi-isomorphism.
We end up with the following theorem;

Theorem 6.3.7. ([SP] Theorems 10.26 and 10.27, [SCHU] sec. 1.5 cor.
1.5.5 and prop. 1.5.6, [S1], [SA8] Lec. 3, see also [SA5]) Assume f :
C"tl — C is a holomorphic map with isolated singularity, inducing the

Milnor fibration f : X' — T'. Then we have the following isomorphisms

Q”'H[t, t_l]
(d — tdf NS HLE, t1]

9 - R"f*(c ® OT/ - Rnf*QX//T/ =

where t is a variable.
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Chapter 6. Hodge theory of Brieskorn lattice

The relative de Rham complex Qx//7+ in the theorem is

0— f 10 = Oxr = Qxrypr — . — Q}T}T, -0

where

Vg = O/ 1 AOK!

and the differential is induced by the usual differential of the de Rham

complex for X”.

Example 6.3.8. ([KUL] page 109, [KUL] 7.3.5) Let f = 2P + y? + 2" +
aryz, a #0,1/p+1/qg+ 1/r < 1. Set

w=dzx ANdy Ndz.

By a method due to J. Scherk, [SC3], the forms
w, tOyw
Or(zFw), (0 < k < p), o(y*w),0 < k < g, O(ZFw), (0 < k <)

provide a basis for the canonical lattice £ = V>~!. The operator td; on
C = L/tL has the following form,

t8t (t@tw) =0

t0; (OprFw) = k- p&gfnkw
tOr(OpyFw) = il qé?tykw
t0;(0p2Fw) = k- Tatzkw

p

This basis is a Jordan basis for the operator t9;. Decompose C' = &_1<4<0Cq =
Co ® Cxo where Cp is the subspace generated by w and t0;w. The weight
filtration on C, is defined as follows. On C.y the operator N = 0 and
Wi =0, W3 = Cxy. On Cj the operator N # 0, N? =0 and we have

W1 =0, Wy =Ws5 =Ctd, Wy = Cp.
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Chapter 6. Hodge theory of Brieskorn lattice

Therefore, the weight filtration is as follows
0C Wy =W35C W,
Wy = Cxo @ Ctoyw.
The Hodge filtration is defined by,
C=F'D>F'DF?2=0

where F! is the subspace generated by w.

6.4 Hodge numbers and Spectral pairs

Assume the holomorphic germ f : C"*! — C has an isolated singularity at

0. In the previous section we defined the three filtrations F', W and V on
S.

Definition 6.4.1. We define the following invariants of the Gauss-Manin
system G;

e Hodge numbers are defined by
l— .
R = dime (grigr]V HY).
e Spectral numbers are o € Q, such that

d* := dim¢ gT{'}grgS >0
Sp(f) = (da)aEQ'

e Spectral pairs are the pairs (a,l) € Q x Z, such that

d = dimg gr}¥ grggr§'G > 0
Spp(f) = (df") (a)cqxz € NO2.

Remark 6.4.2. d* =), d}.
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Chapter 6. Hodge theory of Brieskorn lattice

The symmetries between Hodge numbers implies the following relations for

the multiplicities of spectral pairs of an isolated hypersurface singularity.

Lemma 6.4.3. ([SCHU] sec. 1.8) We have the following relations between
Hodge numbers and spectral numbers.
+ —p,l—n+
dlap:h;‘ap e —-1<a<0
dy = ppPitr 20 <0,
We have the following duality relations;

a _ p22n—l—1—«
dl - dl

Y

o _ ga—n+l
dl _d2n—l ’
a . gn—1—«
dl _danl )
de = dnflfa

Corollary 6.4.4. ([H1] or [SCHU] page 56, cor. 1.8.6) If a ¢ (—1,n),
orl ¢ [0,2n] or (o € Z and | ¢ [1,2n — 1]) then di* = 0. In particular
V>71 O H"D anl.

The first inclusionin corollary 6.4.4 is explained as follows. Let w € Q’;{H,

holomorphic (n+ 1)-form. Then d£| X, gives a section s|w](t) of cohomology

if
bundle H. The kernel of the map
s QU vl w — slw] = (w/dfx,) (6.14)
is df A dQ"~! cf. [H1] page 17. Therefore,
25

T df Ay

U

is identified with its image in V>"1. By this corollary we sometimes consider
H" as a subset of V>~!. This fact has been used in the definition of the
Steenbrink limit Hodge filtration (6.10).

Theorem 6.4.5. ([SCHUJ, Theorem 1.8.2) For p € Z, multiplication by tP

nduces a C-isomorphism
w X tP + w
G’rpp(;’r‘o‘zGrl g — G’ra‘, pGrl GT0F9
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Chapter 6. Hodge theory of Brieskorn lattice

Theorem 6.4.5 is quite crucial for us in Chapter 8, and is the base of some
gluing data between lattices inside the Gauss-manin system §. It provides a
base in order to explain the extension of the Gauss-manin system of isolated

hypersurface singularities, in 8.4.

Theorem 6.4.6. (Thom-Sebastiani) ([H3] ,[KUL] sec. 8.7) If f € C{xo,...,zn}, g €
C{y07 7ym}7Sp(f) = (ah '-'aau(f))asp(g) = (617 '--7/3u(g))' Then

Sp(f+g)=(ai+B;i+1][i=1,..,u(f),i=1..,u(9))-

For instance the spectrum of the zero dimensional singularity g(y) = v?
consists of one number {—1/2}. Thus, if the holomorphic isolated singularity
f : €™ — C has spectrum {a;}, then the singularity f(x)-+y? has spectrum
{a; +1/2}.

Theorem 6.4.7. ([SCHU] Theorem 1.8.10) The spectral pairs and numbers
are constant in a p-constant deformation, where u is the rank of Brieskorn

lattice.
Example 6.4.8. Consider f = 2%y? + 2° + y° .[SCHU]
A monomial basis for the Jacobi algebra Ay = C{z,y}/(0.f,0yf) is given
by

B=1{1, z, 22, 23, 2%, 42, 3, v*, o5, xy}.
The spectral pairs are

(-1/2,2),(-3/10,1),(-3/10,1),(—1/10,1), (—1/10, 1),
(0,1),

(1/10,1), (1/10,1), (3/10,1), (3/10,1), (1/2,0).

They are symmetric around (0, 1). By the isomorphism

H" N Qn+1 N (C{:L“,y}

sH" — df ANQ™ — (9x(f), 0y(f))
{gdx A dy,g € B} can be considered as a vector space basis of H”/sH".

The multiplicities d; appear as the dimension of («a;,[;)-graded part of the
weight filtration on H” /sH", i.e.,
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Chapter 6. Hodge theory of Brieskorn lattice

d; = dime Gri/Gr)Y (H" /sH").
In this example the spectral numbers are
-1/2,-3/10,-3/10,—-1/10,-1/10,0,1/10,1/10,3/10,3/10,1/2

and all the Jordan blocks of monodromy are of size 1, except one for eigen-

value -1, which is of size two.

6.5 The form of K. Saito (duality on

Gauss-Manin module)

In this subsection we provide a definition of K. Saito higher residue pairing
on V~! Later in Chapter 9 we generalize this definition. We define a non-
degenerate bilinear form Pg on V>~! originally due to K. Saito, [S1] and
[S2].

Definition 6.5.1. [H1], [S1] Define the bilinear form; Pg : V>"1 x V>~ —
C{{o;'}}0;!, as follows;

o Ps(a,b)=0, a+5¢Z

e Ps(a,h) = S a0 )oY, atB=1.

Ps(a,b) = rymer S a7 0)07%, a=5=0
o Ps(91(0; )a, 92(9;1)b) = 91(9; )ga(=0; 1) Ps(a, b)

Ps(a,b) =Y, PSP e cot.

Proposition 6.5.2. [H1/
(1) Ps(HY, HY) C C{{o; }}o; ™" that is PSV(HY, HY) =0, 1<1<n
(2) PS" D (slwn], slwa]) = Resplwr, we)d; "L wi,wa € Q)

Corollary 6.5.3. [H1]
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Chapter 6. Hodge theory of Brieskorn lattice

e H{ is isotropic of mazimal size w.r.t the anti-symmetric bilinear form
P(_n)
s -

1 V=1
Vn—l) = 2 (W)

o H DV 1 dim(

We have the following orthogonality relations for the form Kj;
e Pg:(C*x CP =0, a>—-1,8>-1
o Ps:CxCP - Co P2 a+peLl.

The last form is non-degenerate and (—1)*T#T"+1 symmetric, [H2].

If A€ H,2ria, B € H, 2rip,, 5 €] — 1,0[, then

Ps(s(A,a),s(B,B)) = (2;,),15(A, B).o, Y, a+pf=-1
PS(S(AaO‘)aS(B,B» = @ml),’l_HS(A,B).at_l, a=p8=0.
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Chapter 7

Quasi-homogeneous

Fibrations

In this chapter the Hodge filtration in the quasi-homogeneous case is anal-
ysed based on work of J. Steenbrink [JS7], developing that of P. Griffiths,
[G3]. The main reference of this chapter is the article of J. Steenbrink cited

above.

7.1 Weighted Projective Space

In this chapter we assume f : C**! — C is a quasi homogeneous polynomial
of type (wo, ..., w,) and V C C"*! be defined by f = 1. Set

w; = u;/v;, (ug,v;) = 1, d = lem(vg, ...y Up), b; = d.w;

Then
F (205 ey 2n) —ZZH (7.1)

would be quasi-homogeneous of type (wp, ..., wy, 1/d). Let M be the weighted
projective space of type (wy, ..., wy, 1/d),

M = P?”OjC[Zo, ceey Zn—i—l] (72)

with deg(z;) = b;, i =0,..n, deg(zp+1) = 1.
M is a compactification of C"*! by putting Z; = z;/ Zzi+1~ Moreover, the

hyper-surface in M with equation

F(z0, 0y 2m) = 21y =
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Chapter 7. Quasi-homogeneous Fibrations

is a compactification V of V. Denote My = M —C"* Vo =V -V =
V N My,. Then M, is isomorphic to the weighted projective space of type
(wo, ..., wp) and Voo C My, is given by f(zo,...,2n) = 0.

7.2 MHS for Quasi-homogeneous f

From now on assume f has an isolated singularity at 0. We briefly review the
work of J. Steenbrink. H*(V'), H(Vx),i > 0 carry Hodge structures which
are purely of weight ¢. Therefore, the canonical mixed Hodge structure on
H!(V),i > 0 can be computed using the logarithmic complex Q{—/(log Vo)

which sits in the short exact sequence

0—Qy — Q% (log Vi) = Q)" — 0. (7.3)

The long exact sequence associated;

e > H(V) = HY(V) = H Y (Vo) (1) = HTY V) — . (7.4)

Let f be given by the formula f = Zagzﬂ, B = (Bo, ..., Bn). We compute
the mixed Hodge structure on H" (V') in terms of invariants of the Artinian

ring
Ay =C{z,..., 20}/ (0f /020, ..., 0f | 0zy)

Let {z“|a € I C N} be a set of monomials in C{z, ..., z,} whose residue
classes form a basis of Ay. For a € I, let

n

l(a) = Z(Ozi + 1)w;.

1=0

Define a rational (n + 1)-form w, on C"*! by

Wa = 2%(f(2) = DU dzg A A dzy.
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Chapter 7. Quasi-homogeneous Fibrations

Using Griffiths theory of rational integrals one associates with w, an element
Ne of H™(V,C). The long exact sequence 7.4 gives
GrlVH™(V) = H"(V)o
Gyl H™(V) 2 H" ™ (Vao) (= 1)o
where
H™(V)o = Coker(H" 2(Voo)(—1) — H™(V)
H" Y (Vo)(—=1)o = ker(H" 1 (Vo) (—1) — H" (V)

Assume N is a hyper-surface defined by a quasi-homogeneous polynomial
in M. By using Bott’s vanishing theorem repeatedly, one obtains identities

of the form,;

HO(M, Q% ((n — p)N)
dHO(M, Q% ((n—p — 1)N)

FPH" (N, C)q (7.5)

Taking N to be V and V, respectively, the following theorems are straight

forward coordinate calculations, [JST7].

Proposition 7.2.1. (P. Griffiths-J. Steenbrink) [JS7] If () ¢ Z, then the
forms wq with k <l(a) <k+1 map to a basis of
HO(M, Q% (kV)
HOM, Qv (kV)) + dHO(M, Q3 (kV)

Proposition 7.2.2. [JS7] (P. Griffiths-J Steenbrink) If () € Z, define
No = TSy Wa- Then the forms n, with (o) =k map to a basis of
H (Moo, 3y (kVio)
HO( Moo, Q1 ((k = 1)Vao)) + dHO (Moo, 03 (k= 1)Vao)

Theorem 7.2.3. [JS7] (P. Griffiths, J. Steenbrink) Denote W and F' the
weight and Hodge filtration on H"(V,C). Then Gr}V H*(V) = 0, for k #
n, n+ 1. The forms mn, with p < l(a) < p+ 1 form a basis for
Grh.GrV H"(V,C). The forms n, with o =p form a basis for Gri.GrY,  H"(V,C).
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Chapter 7. Quasi-homogeneous Fibrations

The theorem 7.2.3 is a consequence of Propositions 7.2.1 and 7.2.2.

Remark 7.2.4. The filtration

0c HO(V, Q0" c H\(V,Q" Y c .. c H* Y(V,Q") c H"(V,Q° = C)

where Q is the subgroup of closed forms, is exactly the Hodge filtration,
[G5].

The MHS on H(V) is dual to H"(V), therefore
GrlV HM(V) = 0, k#n, n—1

Woa HX(V) = { w e H! (V)| {w, m) =0, Vn € W, H"(V) }.

If i:V < V is the inclusion, we have

i| 3|

HY(V) ——— H“(V)

where j is the natural map that is also a morphism of Hodge structures.

The bilinear (intersection) form on H (V) is given by S(z,y) = (x,j(y)).

It follows that S(z,y) =0 if z or y € W,_1H*(V). We also have S(y,z) =

(=1)M=D/28(x, y). Moreover, i, identifies Gr/V HV (V) with the primitive

part of H?(V), and hence S is described as follows on GrYY H?(V) , Denote
Gry HY (V) = @pig=nHP(V)

the Hodge decomposition then,

(a) S(z,y) =0, x € HPY, y € H™, (p,q) # (r,s).

(b) If &€ HPY, x#0 ,then (—1)"»~D/2p=48(z F) > 0.
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cf. [JS7]. This Riemann-Hodge bilinear relation is the same as 3.2.1 and

5.3.4 proved before. We summarize it in the following theorem, not stated
in [JS7].

Theorem 7.2.5. (Riemann-Hodge bilinear relations) The Riemann-Hodge
bilinear relations of polarised MHS on H" = H"(Xs,C) where Xoo =
f~1(1) with f a quasi-homogeneous polynomial, can be explained via the
isomorphisms GrlY (H? = Gr)Y \H", Gr)V H? = Gr)V H" by (a) and (b),
where S(z,y) := S(x,j(y)), for z,y € H, and j : H} — H"™ the natural

c

map.
Corollary 7.2.6. (A. Varchenko) Suppose that n is even. Then

ey = Z dim HP4, = Z dim HP? |

q even, q odd,
pt+q=n pt+qg=n

po = dim Gr)Y, H™(V)

where py, p— andug are the number of positive, negative and zero eigen-

values of the intersection form.

Remark 7.2.7. [JS7] The I(«)’s are also the eigenvalues of the Gauss-Manin

connection, namely 7z% = [(a)z“.

7.3 Examples

(1) [JST], fo =23+ 4>+ 2% + 3azyz, a® # 1

The following monomials form a basis of the Jacobi algebra
1 x Y z Ty xrz Yz Yz,
and the corresponding weights for the forms are
la): 1 4/3 4/3 4/3 5/3 5/3 5/3 2.

Using theorem 7.2.3 we get
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h2,0 — h0’2 =0 hl,l =6 h1,2 — h2,1 = 1.
So

py =0, po =06, po=2.

[KUL] When f is quasi-homogeneous of weight (wo, ..., w,) we have

the Euler relation,
f=2>"0wi-zi0i(f)

There exists a form n such that f.dr = df An. We have the explicit

form

n

n= Z(—l)iwi.zidg.

1=0

Second, the image of the inclusion HED i HO coincides with fHO) =
tH® | that is a sub-module of H® generated by the maximal ideal
(t) € Op. So by Nakayama’s Lemma, in order to find a basis w1, ...,w,
of the O7 module K, it is enough to find a basis in a vector space
f«Qy = Ay, So if {2} is a monomial basis for A, then w, = 2%dz,
represents a basis of the Op-module 2;. From f.dx = df An, we obtain
f-wa =df A z%. This implies that

n

=i+ ()] = i+ (3 ulm + 1l
i=0

Oywa =

L
f

Putting

we then obtain
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Thus, the monodromy of a quasi-homogeneous fibration is semi-simple

e—?m’.l(oa)

with eigenvalues A\, = , where « coming from a monomial

basis of Ay, the Jacobi algebra. By the isomorphism
H"[sH" = Q" [df A" = C{z}/(9(f))

{[wa = 2%dz]} gives a vector space basis of H” /sH".

Suppose Y is a projective variety of dimension n. Then

P*(Y,C), n odd

PM"(Y,C)®w™?, n even

where P" = ker(. Aw : H" — H"™). On the other hand we have the

Hodge decomposition

i
HY,C)= @ (HP" P& H"PP),  nodd
0<p<n/2
L
H"(Y,C) = @ (HP"P @ H"PP) ot /2 n even
0<p<n/2

with respect to the cup product,

S=a'S, : PEH"PRH" ) 5 C, 8§, Cw"?@Cw"? = C
p

each of the forms S, and S, induce a definite hermitian form on

H™" P and Cw respectively.

If we are involved with a family of projective varieties parametrized
by t € T, then we will obtain a family of structures as above. For
each t we can always choose a basis {¢;} of W}, such that V(e;) = 0

and also another basis for FP satisfying Griffiths transversality. It is
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always possible to express each of these bases in terms of other one
with coefficients being multi-valued functions of t. However the total
expression for ¢; is uni-valued. We apply the limit definition of W.
Schmid to obtain a canonical Hodge structure compatible with usual

short exact sequences as in 4.2.

7.4 MHS via resolution of singularities

The limit Hodge structure in a projective fibration can be explained us-
ing a Hironaka resolution of singularities argument as follows. Assume the

fibration is explained by the diagram

Xeo U X D
fool lf lf l (7.6)
H —55 A* A 0

as in 2.9, where D = |J;" D; is a normal crossing divisor.

Lemma 7.4.1. [JS8] The spectral sequence of the double complex

A= (ag41)Q DY) =1ID; N...N D;,

p
D(g+1)»

with horizontal arrows to be the de Rham differentials, and vertical arrows
Zj(—l)q+j5j, induced by the inclusions I1D;, N...ND;, — HDilﬂ..ljij..ﬂDiq

obtained by possible omitting the indices, on A%Z, degenerates at Es, with
EY = gD+ C) = HPT4(D,C)
and computes the cohomologies of D. Moreover, the two filtrations

FpAD = @7"2]) A7[‘)’ WQAD = @sz—q AB

induce the Hodge and the weight filtrations on H*(D,C) for each k, to define

a mized Hodge structure.

The above lemma is a generalization of 2.3.7, and can be obtained by an

inductive argument as well.
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Proposition 7.4.2. [JS2] The spectral sequence of BP1 := AP1/W, degen-

erates at Ey term with
E;NHT _ ®k20 . Hq_’"_zk(D(2k+r+1), (C)(—T‘ _ k‘) - Hq(XOO,C)
and equips H1( X, C) with a mized Hodge structure.

These MHS’s fit in the Clemens-Schmid exact sequence ([SP] page 285),

o Hopao o (Xo) S H™(X0) 5 H™(X,) X H™(X,) 2 Hap_om(Xo) — ..

(7.7)
with Xo = D and X; = f~1(t) & X, and where «a is induced by Poincare
duality followed by projection , and S is by inclusion followed by Poincare
duality. The monodromy weight filtration on H™(Xy) can be described
using the hypercover structure obtained by intersections of NC divisors.
Then the weight filtration of H™(X;) can be computed via the induced
filtration on ker(N) := K", with N is the logarithm of monodromy, and

satisfies;

GriK{" ® Grpo K" & ... & GT’k,g[k/g]Ktm, E<m
Grom—rH™(Xy), k>m

GrlV H™(X;) =

The relations between the weight filtrations can be explained by the follow-

ings;

e ¢} induces
GriH™(Xo) = Gri K{"

e The following sequence is exact
0— G’I”m_gKtm_2 — GTm_Qn_2H2n+2_m(X0) E) GTmHm(Xo) — GTmKZn —0

Then we have the long exact sequence
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o= H™H X\ Xo) = H™(X, X\ Xo) = H™(X) = H™(X \ Xo) = ...

where the morphisms are of MHS, and the isomorphism

H2n+2_m(X,X \ XO) o~ Hc2n+2—m(X) o~ Hm(X)V

computes H™(X \ Xo) as MHS, [MO]. The reader should convince himself
that the mixed Hodge structure defined in this section is the same as the
one in 7.2.3, and the Riemann-Hodge bilinear relations are as 3.2.1 or the

same in 5.3.4.
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Chapter 8

Polarization of extended
fiber

Assume f : C"t! — C is a holomorphic germ with isolated singularity
at 0 € C""!. The stack on 0 of the extended Gauss-Manin module can
be naturally identified with the module of relative (n + 1)-differentials 2.
In this chapter we show a modification of Grothendieck residue defines a

polarization for €.

8.1 Steenbrink limit Hodge filtration (review)

In this section we review the Steenbrink MHS defined in 6.3.3 to fix the
notation. Suppose we have an isolated singularity holomorphic germ f :
Cnt! — C. By the Milnor fibration Theorem we can always associate to
f a C°°-fiber bundle over a small punctured disc 7”. The corresponding
cohomology bundle H, constructed from the middle cohomologies of the
fibers defines a variation of mixed Hodge structure on 7”. The Brieskorn
lattice is defined by,

n+1
X,0

HO =H"= f,——
df A dQy

The Brieskorn lattice is the stack at 0 of a locally free Op-module H” of rank
p with H7, = 3, and hence H"” C (i+H)o, with ¢ : T" < T. The regularity
of the Gauss-Manin connection proved by Brieskorn and Malgrange implies

that H” C G, cf. 6.1.

Theorem 8.1.1. (Malgrange)(see [SCHU] 1.4.10)
H'"cv~!
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The Leray residue formula can be used to express the action of 9, in terms

of differential forms by

O s[dw] = s[df A w]

where, w € 0% cf. notation in 4.1. In particular , 9, '.H” C H”, and

H % c{z

o = 8.1
s.H" df N, (o(f)) (8.1)
In this chapter we use the notation
Q}-ﬁ-ol
Qe ———— 8.2
T df NO%, (8.2)

for the module of relative differentials of the map f. The Hodge filtration
on H"(X, C) is defined by

FPH™(Xoo)r = 95 0 PGry " PHY. (8.3)
cf. 6.3, where v, was defined in 4.1 and 6.2. Therefore,
G H"(X oo, C)y = Gr 7Py, (8.4)

where Gr€ is defined as follows,

Definition 8.1.2. (cf. [KUL] page 110) The V-filtration on € is defined
by
VeQy =pr(VEnH") (8.5)

Clearly VOQ; = @5, and Qf = @GrQy hold.

8.2 Theorem of Varchenko on multiplication by f

A theorem of A. Varchenko, shows the relation between the operator N,

on vanishing cohomology and multiplication by f on Q. A feature of this
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theorem appears in Theorems 8.7.1 and 8.7.5.

Theorem 8.2.1. [SC2] The maps Gr(f) and N =log M,, € End(H" (X, C))

have the same Jordan normal forms.

Proof. The map N is a morphism of mixed Hodge structures of type (—1, —1).
Hence, all the powers of N are strictly compatible with the filtration F' (with
the appropriate shift). This implies the existence of a splitting of the Hodge
filtration, i.e a grading of H" (X, C) which has F as its associated filtra-
tion, such that N becomes a graded morphism of degree —1. In particular,
one concludes that N and its induced endomorphism GrpN of degree —1 of

GrpH" (X, C), have the same Jordan normal forms.

We have a canonical isomorphism

GrrH"(X5,C) = P GreC”
—1<a<0

and the corresponding endomorphism
01 GrhCo — Grtice
are given by
Npo(x) = —2mi(t0, — o) = —2mitohx ( mod FP)
On the other hand, it is immediately seen that for 5 € Q, 8 =n—p+ «
with p € Z and —1 < a < 0, the map
o P VPN F"Hx g — VOV =0
induces an isomorphism from Grﬁ Qy — Gri.C®, and the diagram

aryo; S0 ey,

atnfpl atnfp+1l
Groco s, Grbloe
TF TF
commutes up to a factor of —2mi. Hence Gr(f) and GrrpN have the same
Jordan normal form.

O]
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8.3 Integrals along Lefschetz thimbles

Consider the function f : C*"*!' — C with isolated singularity at 0, and
a holomorphic differential (n + 1)-form w given in a neighborhood of the

critical point. We shall study the asymptotic behaviour of the integral,

/F ew (8.6)

for large values of the parameter 7, namely a complex oscilatory integral. In
the long exact homology sequence of the pair (X, X;) where X is a tubular
neibourhood of the singular fiber X in the Milnor ball,

o Hy1(X) = Ho1 (X, X0) % Ho (X)) = Ho(X) = ... (8.7)

X is contractible. Therefore, we get an isomorphism 0y : Hp+1(X, X;) =
H,(X;), and similar in cohomologies, i.e. H"™(X, X;) & H"(X;). Now if
w is a holomorphic differential (n+ 1)-form on X, and let I € H,,11 (X, X}),

we have the following;

Proposition 8.3.1. (¢f. [AGV] Theorems 8.6, 8.7, 8.8, 11.2)
Assume w € Q"L and let T € H,(X,X;). Then

—Tf,, _ /OO tT/ w dt = Tf(O)/ w (8 8)
e w e e .
/F 0 rngs=t} 4 |, rngs=t} 4f |,

for Re(t) large, and in this way can also be expressed as > T*log Tkthk n

that range.

By theorem 8.3.1, we identify the cohomology classes / e fwand / “
r rnif=n &y,

via integration on the corresponding homology cycles. We can also choose I"
such that its intersection with each Milnor fiber has compact support, and
its image under f is the positive real line, [PH]. We use these facts in the
proof of theorem 8.6.1.

The asymptotic integral
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I(r) = /eTfaﬁd:Eo...dxn, T — o0
satisfies

dP
—I= / e™ fPodxy...dxy,

drP

In case f is analytic then it has an asymptotic expansion

I(r) = Z Capq( )T P(log 7)Y, T — +00
a7p7q

for finite number of rational numbers a < 0, p € N, 0 < ¢<n—1. Then

¢ — Capq(®) is a distribution with support contained in the support of f,
[MA].

Remark 8.3.2. (see [PH| page 27) We have the formula;

I(r) = (2m)"*(Hessf)~ "/ f(0)r™*[1 + O(1/7)]

Summarizing, the form e "fw (for 7 large enough) and the form dﬂ | X,
define the same cohomology classes via integration on cycles. We will use
this fact together with the following proposition in the proof of Theorem

8.6.1.

Proposition 8.3.3. ([AGV] lemma 11.4, 12.2, and its corollary) There
erists a basis wi,...,w, of Qf such that the corresponding Leray residues

wi/df,...,wy/df define a basis for the sections of vanishing cohomology.

8.4 Extension of the Gauss-Manin system

In this section we explain the extension of the Gauss-Manin system of an
isolated hypersurface singularity. We conclude that the module Q; (module
of relative (n + 1)-differential forms of f) can be canonically regarded as
the fiber over the puncture. This is an example of minimal extension of

polarized variation of mixed Hodge structure, and should not be confused
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with Deligne extension. For simplicity, we explain it for the algebraic Gauss-
Manin system associated to a polynomial f. The conclusion also holds in the
analytic setting i.e. with f holomorphic, see for instance [MA] or [S1]. The
difference is that in analytic set up one needs to consider the completions of
the modules we are considering with respect to appropriate filtrations. Thus
we follow ([SA6] page 6, [SAS8] sec 3, see also [SA5]) in order to explain the
gluing procedure which defines an extension of the Gauss-Manin system G.
By this we mean to glue the Gauss-Manin system G defined before with
another one defined in a chart around 0. We are interested to understand

the fiber G on 0 after the extension.

The Gauss-Manin system G := R" f,Cx/ (see Theorem 6.3.7) of a poly-
nomial or holomorphic map f : X’ — T” is a module over the ring C[r, 77 !],
where 7 is a new variable, and comes equipped with a connection, that we
view as a C-linear morphism 9; : § — G satisfying Leibnitz rule

9¢

0-(¢.9) = 3.9+ $0-(g)

We put 7 = ¢!, and consider (7,t) as coordinates on P! . Then § is a
Clt,t!]-module with connection and 9, = —t20;, [SA6], [SA5], [SAS].

Let Q"*1[7,77!] be the space of Laurent polynomials with coefficients
in Q"1 According to its very definition (cf. Theorem 6.3.7, [SP] sec. 10.4,
[SAI6] lemma 2.4), the Gauss-Manin System is given by;

Qi 1
(d — Tdf NQ Yz, 7=1)’

(d — Tdf/\) Zk 77ka = Zk(dnk — df A nkfl)Tk

G =

The action of the connection V; on § i.e. the C[7](9;)-module structure on
G, is first defined on the image of Q"' by

Orlw] = [fw]
and then extended to G using the Leibnitz rule
O (tP[w]) = prPw] + 7P| fw]
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In order to extend it as a rank p-vector bundle on P!, one is led to study
lattices i.e. C[r], and C[t]-submodules which are free of rank u.
In the chart ¢, the Brieskorn lattice
Qn+1[t]
(td — df N\)Qn 1]

So = image(Q" 71 = §) =

is a free C[t] module of rank u. It is stable by the action of 9, = —20.
Therefore 0; is a connection on § with a pole of order 2. We consider the
increasing exhaustive filtration G, := 77§ of §.
In the chart 7, there are various natural lattices indexed by Q, we denote
them by V¢, with V=1 = 7V, On the quotient space C,, = V*/V>% there
exists a nilpotent endomorphism (70; — «).
The space ©q¢[o,1[Ca is isomorphic to H" (X, C) cf. def. 4.1, or the same
6.1, and @qepo,1[FPCq is the limit MHS on H"(Xo,C), cf. 8.1 and 6.3. A
basic isomorphism can be constructed cf. Theorem 6.4.5, as
GpNVe
Gp1NVe4G§,NV>e

Tpl%

Va+p N 90
Veng_ 1 +V>2ngGy

= GTZ:p (Ca)

= Groip(S0/9-1)

Thus, the gluing is done via the isomorphisms,

Gri P(Hy) = GrY.

a+p(3{(0)/771.%(0)), 30 — S

where A = exp(2mia) and we have chosen —1 < o < 0 (cf. [SA3], [SA5],
[SA6]). We have

5}6(0) Qntl
—LHO) — df AQn

canonically. We conclude that;

= Q (8.9)

Theorem 8.4.1. The identity

g_C(O) Qntl
LHO ~ df AQn
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defines the extension fiber of the Gauss-Manin system of the isolated singu-
larity f : C*T1 — C.

The same conclusion can be obtained when f is a holomorphic germ, How-
ever one needs to consider the completions of the modules involved, (see
[MA] page 422 or [S1]). In this way for f : C"*1 — C we have;

ﬁ//
T 1 I/_j//

~

=Qp

By identifying the sections with those of relative cohomology, via section

8.3, this formula is a direct consequence of the formula

/edew:T/edef/\w, w e Q%
r r

We refer to [MA] page 422 for details on this (see also section 10.2).

8.5 MHS on the extended fiber

Asuume f : C"*! — C is a germ of isolated singularity. In this section we

build an isomorphism
¢ : H"(X&,C) = Qy

which allows us to equip a mixed Hodge structure on Qy, [H1], [SAI6].
This also motivates the definition of opposite filtrations. It is based on the

following theorem.

Proposition 8.5.1. ([H1] prop. 5.1) Assume {(«;,d;)} is the spectrum of
a germ of isolated singularity f : C"Tt — C. There exists elements s; € C
with the properties

(1) s1,..., s, project onto a C-basis of @ _,_,, GreH" /Grio, ' H”.

(2) sut1 = 0; there exists a map v : {1,...,u} — {1,...,p, u + 1} with
(t— (o + 1)3{1)81' = Su(4)
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(3) There exists an involution k : {1,...,u} = {1,...,pu} withk = p+1—1
ifa; #3(n—1) and k(i) = p+1—1i or k(i) =i if a; = 3(n—1), and

Ps(si, 8j> e i(s(;ﬁ-l—i)j'at_l_n

Condition (1) implies

GriofH"= @ Cl.s

a;—p=a, p<q

Condition (2) can be replaced by

()] (¢t = (i + )05 € B, 41 C55

in which case the involution k(i) = u — i + 1 for any ¢. The proof of the
proposition 8.5.1 concerns with the construction of a C-linear isomorphism

as follows. Suppose,

H(X0,C) = DI
D@, A

is the Deligne-Hodge bigrading, and generalized eigen-spaces of vanishing
cohomology cf. 3.3.3, and also A\ = exp(—2mia) with a € (—1,0]. Consider

the isomorphism obtained by composing the three maps,

o)

QR I LN Grit"PH" L Gry HY Jo, H — Qy (8.10)
where
BT O 0 gl
o=@, 27 P =prod}?
e 1s the isomorphism defined in section 6.1.
Lemma: The map & is a well-defined C-linear isomorphism.
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We list some of the properties of the map ¢ as follows;

o (iﬂf\’q takes values in C**"~P. By the formula F? = &,>,1"*, any coho-
mology class in I}, is of the form ¢ 1 [0;" PR+ V> = ¢ 10, F[n'+
V=zatn=p] for h" € H”, cf. def. 6.3.3. By substituting in the formula

. . . xD,q
it explains the image of ®\".

e Taking two different representatives wi,ws € Q}H for h” does not
effect on the class h” + V>*T"=P_ Because by identifying H” with its

image in V!, the difference w; — wy belongs to V>a+t"—P,

e The map @ is obviously a C-linear isomorphism because both of the
1o and O, 1 are C-linear isomorphisms on the appropriate domains,

and
CID(If’q) CP(FPH™"(Xoo)r) C VYN H”/V‘)‘Jrl — gr{‘}H”/@;lH”

e The definition of ® concerns with an isomorphism Gr{,Qy = 1. On

the eigen space H) this corresponds to a choice of sections of
Gro[VeNnH"] — Gry[H" /0, " H"]
for -1 <a<0.

Definition 8.5.2. (MHS on Q) The mixed Hodge structure on € is de-
fined by using the isomorphism ®. This means that

Wi(Qf) = ®W,H" (X0, Q),  FP(Q) = BFPH"(X 4, C)

and all the data of the Steenbrink MHS on H" (X, C) such as the Q or R-
structure is transformed via the isomorphism ® to that of 2;. Specifically;

in this way we also obtain a conjugation map

i@ C = QreeC, Qro = PH" (X, Q) (8.11)

defined from the conjugation on H" (X, C) via this isomorphism.
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The basis discussed in 8.5.2 is usually called a good basis. The condition
(1) correspond to the notion of opposite filtrations. Two filtrations F' and
U on H are called opposite (cf. [SAI6] sec. 3) if

GrfGrg]H =0, for p # ¢

When one of the filtrations is decreasing say {FP} and the other increasing

say {U,} then this is equivalent to

H=F'@oU,, Vp, (8.12)
Similarly, two decreasing filtrations F' and U are said to be opposite if F' is
opposite to the increasing filtration U} := U*~9, [P2].

Proposition 8.5.3. ([SAI6] prop. 3.5) The filtration

Urc® .= convetrg”
18 opposite to the Hodge filtration F' on G.

By this theorem the two filtrations FP and
Up:=U"1 =y Ha,CONVer—1q"y = =Yg, Gri [Vt 1H"]}

are two opposite filtrations on H™ (X, C). We also have

FPH™(Xo0, C)y & U} H"(Xo0, C)

A standard example of such a situation is when the variation of MHS namely
H is mixed Tate (also called Hodge-Tate). By definition a mixed Tate Hodge
structure H is when Gryl |H = 0 and GriY H = ®;Q(—n;). In that case

one easily shows the Deligne-Hodge decomposition becomes

W, N FP)H = He
p

and the two filtrations F' and W are opposite. In a pure Hodge structure H

of weight n one has
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GrgGrqu =0 unless p+q=n
In other words, the two filtrations F'® and F"° are opposite in this case.

Proposition 8.5.4. ([SAI6] Theorem 3.6) There is a 1-1 correspondence
between the opposite filtrations and the sections s : H”/@t_lf-[” — H" com-
patible with the conditions of theorem 8.5.1

In our situation this amounts to a choice of a section s : H” /9, "H" — H" of
the projection pr : H” — H"/0;*H" such that the submodule generated by
Image(s) is o (H"NC?). Note also that V*H" is the submodule generated
by s(VeQ,).

The data of an opposite filtration in a VMHS is equivalent to give a linear
subspace £ C G such that:

° 9:9{(0)@L and
ot 1:L L.
° t@tLHL

It is the same as choosing a section to the projection (cf. [SAI6], [H1],
[LLS]);
HO — HO) /g 3O, (8.13)

Example 8.5.5. This example is taken from [SAI6]. If n is even, the duality
S on H*(X,C); is anti-symmetric. Assume H"(X,,C); = H' © H" as a
direct sum of MHS, compatible with S and N, where
H' = ©o<i<3Hj, Hi=Q(-i—(n—2)/2),
NH!=H/ (i >0)
H" = @o<i<oH',  H =Q(—i— (n—-2)/2),
NHY) =H{, NH{ =NH{ =0

and
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S(H',H") = 0
S(H;, H}) # 0, only when i +j =3
S(H{, HY) # 0, only when i+ j =2

Then we have H] = FPWy,H' for p = i+ (n—2)/2 and we obtain a filtration
U opposite to F on H' & H” compatible with S. If we choose generators
as H! =< e; >, H! =< f; > such that S(ep,e3) = S(f1, f2). then the
splitting FPW_o,, p = i+ (n — 2)/2 is generated by < e3 > (i = 3), <
ez, fo+es>, (i=2)and <ey, f1 > (i=1), <ey— f1 >, (i =0). By this

the aforementioned Deligne-Hodge decomposition becomes,

HY (X, C)1 =< e3>®<en, fotes>®<er, fi>®<ey— f1>

For the corresponding section we have
Ps(Im(v), Im(v)) C Co; 1™

The situation explained in this example appears for the singularity f =
210+ 910 4 210 410 4 (zyzw)? + 02, cf. [SAI6] page 60.

Remark 8.5.6. ([SAI6] page 42) By definition we have the isomorphism

H"(Xoo,C)\ 2 gr{s H”, —-1<a<0

It is compatible with the Hodge filtrations;

FPH"(Xoo,C)y = 0; Pgriy H”
In general

H'NnV*G £ (H' NV + (H' ' nV=?)

This is why we have to take Gry, = C*.
Remark 8.5.7. The complex structure defined on Q via ® : H"(X) = Qy
is not unique, and it depends to the good basis chosen, or the section of
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H" — H" /o, LH". However it does not affect the polarization, discussed in

the next section.

8.6 Polarization form on extension

Assume f: C"t! — C is a germ of isolated singularity. We use the isomor-
phism ® : H"(X,C) — Qf introduced in the previous section to express
a correspondence between polarization form on vanishing cohomology and

the Grothendieck pairing on 2.

Theorem 8.6.1. [1] Assume f : (C"*1,0) — (C,0), is a holomorphic germ
with isolated singularity at 0. Then, the isomorphism ® makes the following

diagram commutative up to a complex constant;
Ee\Sﬁo : Qf X Qf — C
l(qﬂ@fl) lX* * %0 (8.14)
S:H"(Xx) X H"(Xs) —— C
where Xoo and S are as in section 5.2, Lemma 5.2.1 and

EESﬁg =resy (0,C o)

and C' is defined relative to the Deligne decomposition of 1y, via the iso-

morphism ®. If JP4 = &~L[P4 s the corresponding subspace of Qy, then

Q=PI Clwa = (1) (8.15)
Pyq
In other words;
S(@ M (w), @ (n)) = x respo(w,Cp),  0#£*€C (8.16)

Part of this proof is given in [CIR] for homogeneous fibrations in the context

of mirror symmetry, see also [PH].

Proof. Before starting the proof lets mention that the map ® is classically
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used to correspond the mixed Hodge structure on H" (X, C) and Qy. We
only prove the correspondence on polarizations.

Step 1: Choose a C-basis of the module Q(f), namely {¢1,...,$,}, where
¢; = fi.de. We identify the class [ef/*¢;] with a cohomology class in
H(X;). We may also choose the basis {¢;} so that the forms {n; = e(=/0¢;}

correspond to a basis of vanishing cohomology, by the formula

—7f — /’OO —tT/ i 8.17
(& w e X .
/F 0 I'NX: df | ( )

Step 2: In this step, we restrict the cup product to H™(Xp sy, C)-£1, and
assume the Poincare product is non-degenerate. By this assumption and
theorems 4.3.1, 4.3.2, we may also assume f is homogeneous of degree d and
¢;’s are chosen by homogeneous basis of {1¢, via theorem 7.2.3. Consider

the Morse deformation
n
fs=f+ Zsiﬁfi
i=0

and set
Si '(S’ Z) = <[€_fs/z¢i]a [€+f5/z¢j]>'

The cup product is the one on the relative cohomology, and we may consider
it in the projective space P!, The perturbation f, and also the Saito form
S;; are weighted homogeneous. This can be seen by choosing new weights,
deg(z;) =1/d, deg(s;) =1—1/d, and deg(z) = 1 then the invariance of the
product with respect to the change of variable z — ANy 2 — Az, shows
that Sj;(s, z) is weighted homogeneous. We show that Sj; is some multiple
of Res 1,0

Sij(5,2) 1= (—=1)"0+D/2(20i2) "+ (Res ¢ (¢4, ¢5) + O(2)).

Suppose that s is generic so that x — Re(fs/z) is a Morse function. Let
I, .., FZ, (resp. T'y,...,T';) denote the Lefschetz thimbles emanating from
the critical points o1, ...,0, of Re(fs/t) given by the upward gradient flow

(resp. downward). Choose an orientation so that I';t.I'; = d,5. We have
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I

Sij(s,2) = Z(/

r=1 r

([ _eHa)

T

For a fixed argument of z we have the stationary phase expansion as z — 0.

gy oy QTR B
(f, 7" /700 = 4 2 () + OC)

where ¢; = f;(x)dz. Therefore,

Hess(fs)(o7)

where the lowest order term in the right hand side equals the Grothendieck

Si(5,2) = (<102 izt (LSO,
r=1

residue. As this holds for an arbitrary argument of z, and .S;; is holomorphic
for z € C*; the conclusion follows for generic s. By analytic continuation

the same holds for all s. By homogenity we get,
Sij(0,2) = (=)™ D2 (21i2) " Res (i, b).- (8.18)

Note that there appears a sign according to the orientations chosen for the
integrals; however this only modifies the constant in the theorem. Thus, we
have;

Si;(0,1) = (=) V221" Res ¢ (¢4, 6;). (8.19)

Step 3: The sign appearing in residue pairing is caused by compairing the
two products
(€_f¢)i, e_fqu), (e_fgbi, €+f¢j). (8.20)

Assume we embed the fibration in a projective one as before, replacing f
with a homogeneous polynomial germ of degree d. We can consider a change
of variable as I : z — €™/ which changes f by —f. Thus this map is an
involution on the value of f. Now consider the degree defined in Chapter 7
explaining the cohomology bases in Gr%GrmlH mC IPYIf ¢ = fidz, with
fi homogeneous and chosen as Chapter 7, with p < deg(¢;) = l(¢;) <p+1
as in Theorem 7.2.3. This shows the cohomology class e~/ ¢; after the this
change of variable is replaced by cp.e+f ¢; where ¢, € C only depends to
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the Hodge filtration (defined by degree of forms). By the above change of

variable we obtain;

O ) B G N C V) (8:21)

because 1% = id, if we iterate I*, d times we obtain;

(e T oi e d;) =respola, (—1)F 1 daldsl/d p)

The Riemann-Hodge bilinear relations in H; implies that, the products of
the forms under consideration is non-zero except when the degrees of ¢; and
¢j sum to n, cf. 7.3. This explains the formula in H;. The above argument
will still hold when the form is replaced by (e, Nye), by the linearity of Ny-.

Thus, we still have the same result on H;.

Step 4: In case the Poincare product is degenerate, we still assume f is
homogeneous but we change the cup product by applying Ny on one com-

ponent. The relation

Sy (@ Hw),® (n)) = x. Res(a ,C.b),  *#0, a,b ey

proved on H" (X )1 or more generally when the cup product of the coho-
mology is non-degenerate is generic. By this we mean; the same relation can
be proved between the level form Sy (e, Nye), and the corresponded local

residue when the former form is non-degenerate i.e,

Sy (@~ (w), Ny.® '(n)) = *. Res(a ,§.C.b),  x#0, a,be Qs

where f is the nilpotent transformation corresponded to Ny via ®.

Step 5: By theorem 5.3.1, continuity of Grothendieck residue, [G3] page
657, and the corollary in [V] sec. 3 page 37, after embedding of the Milnor
fibration of f into that of fy by 4.2, the Grothendieck pairing for fy is the
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prolongation of that of f.

Step 6: Until now we have proved the relation

S(@7Hw), @71 (n) = * x respy o(w, (DM y), 0#£x€C (822)

For some d and moreover, d can be as large as we like. Because the left
hand side is independent of d, if we let d — oo then by Step 5 we obtain
(8.16). O

Remark 8.6.2. ([PH] page 37) Setting

vir) = [ e
(i)
VLW, T) —/ et
'(4)
with ( = 2’7, (= ‘C‘l’—]ﬁ, the expression (which is the same as in the proof)

0

Py([¢), [ED(r) = Y _wi(r,w)di(r, o) ZPT T (8.23)

i=1
is a presentation of K. Saito higher residue pairing.

Corollary 8.6.3. Assume f : C*"T' — C is an isolated singularity germ.
The polarization form of the MHS of vanishing cohomology and the modified
residue pairing on the extended fiber 1y are given by the same matriz in

corresponding bases.

Example 8.6.4. We try to explain the situation of Theorem 8.6.1 and its
proof in the quasi-homogeneous case. We keep the notation of Chapter 7
for the MHS on H"(X,C), i.e the Hodge filtration given by the degree
of forms in the weighted projective space. Thus, we consider the weight

filtration as

0=Wu_1 CW, CWyhy = Hn(Xoo,(C)
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where X, is explained as the generic fiber f~!(1) of a quasi homogeneous
polynomial f in weighted degrees (wi,...,w,). Assume {¢1,...,¢,} be a
basis for {2y as in 8.3.3 which is the same as the proof of 8.6.1, step 1. Then
by Theorem 7.2.3 (and the same situation in step 2 and 3), we consider the

corresponding Leray residues

i )
(F= D0

Here ¢; € C is a normalizing constant. It can be calculated according to the

n; = ci-Resp—q(

oscillatory integration formulas in 8.3, or the following lemma.

Lemma 8.6.5. ([CIR] page 59) Under the isomorphism H"1(X, X;) =
H™(X}) explained in 8.3, the class representing e~ f¢; corresponds to n;,
defined above.

As in step 1, let I' be a Lefschetz thimble for f, i.e. a homology cycle in
H,,+1(X) which projects on the positive real line under f (We may also as-
sume the intersection of I' with any fiber of f has compact support, and this
is the situation explained in the beginning of [PH]). Assume I' corresponds
to C € Hp(X o) under the dual isomorphism H,,1(X, X;) = H,(X;). Then,

/re—f@» :/OOO el P(t)dt

PO= fo =2 )7

and T is a circle bundle over I' N X;. Using the homogenity, under the
coordinate change z; — t~"/%z;, we get P(t) = t{)=1P(1). Therefore

where

/Fe—f@» ~ UG PA) =

By differentiating the defining equation for P(t¢) and setting ¢ = 1, one

obtains
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Ci:/m’
C

This proves the lemma. Then, what we said in the step 3, says

S(ni,mj) = * x resgo(di, Co;)

According to the above description the isomorphism & is as follows,

dL: [2dz] — Ci.[’l“eszl(ZidZ/(f — 1)[l(i)])]

with ¢; € C, and 2 in the basis mentioned above (see [CIR], Appendix A).

For instance by taking f = x3 + 3*, then as basis for Jacobi ring, we choose

201, y, z, Y3, wy, oyt

which correspond to top forms with degrees
I(z) : 7/12, 10/12, 11/12, 13/12, 14/12, 17/12
respectively. The above basis projects onto a basis

b GrlH > ey
—1<a=l(i)—1<n
as in Theorem 8.5.1. The Hodge filtration is explained as follows. First we

have h10 = hb%1 = 3. Therefore, because ® is an isomorphism.

<lw, yw, x.w>= Qo’l, <y w, ryw, zyiw>= Q}’O

where w = drAdy, and the Hodge structure is pure, because Gry H" (X)) =
0, by 7.2.3.

< ldx ANdy, ydx Ndy, x.dxNdy > =
< cr.axy?de ANdy, xy.dx Ady, y?.de A dy >

In general in order to be able to understand the conjugation operator,
one needs to understand how it applies to elementary sections of Deligne

extension (see the discussion in 10.1, and the example there).
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8.7 Riemann-Hodge bilinear relations for

Grothendieck pairing on (2

The isomorphism ® : H" (X, C) = Qy transforms the mixed Hodge struc-
tures already defined for H" (X ) to 2. It makes a correspondence between
the Deligne-Hodge decompositions and also the Lefschetz decompositions.

We use this to organize the polarization on the fiber 2.

Theorem 8.7.1. Assume f : C*"t' — C is a holomorphic isolated singu-
larity germ. The modified Grothendieck residue provides a polarization for
the extended fiber 1y, via the aforementioned isomorphism ®. Moreover,
there exists a unique set of forms {]?i;sk} polarizing the primitive subspaces

of Gr,ZVQf providing a graded polarization for (.

Proof. Because H" (X« ) is graded polarized, hence using theorem 8.6.1 ¢
is also graded polarized via the isomorphism ®. By the Mixed Hodge Metric
theorem 3.4, the Deligne-Hodge decomposition;

Qp = Prra (8.24)
P
is graded polarized and there exists a unique hermitian form; R with,
iPTIR(v,v) > 0, ve Jrd (8.25)

and the decomposition is orthogonal with respect to R. Here the conjugation
is that in 8.10. This shows that the polarization forms {EZS;} are unique if
exist.

Let N :=log M, be the logarithm of the unipotent part of the monodromy
for the Milnor fibration defined by f. We have

Grl"H"(Xoo) =@ N"P_yy,  Pi=ker N*':GrVH" — Gr!Y_,H"
T
and the level forms
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S P® P —C, Si(u,v) := S(u,va)

polarize the primitive subspaces P; cf. 3.1.2. By using the isomorphism ®,
similar type of decomposition exists for {2y. That is the isomorphic image
P/ := &1 P satisfies

"y = NP, P i=kerf T Grl"Qp — GrlY 0
and the level forms

EESZ : Pl/ & Pl/ - C, }/%ZSZ = }/?,Zs(u,flv)
polarize the primitive subspaces P/, where f is the map induced from mul-
tiplication by f on Gr}V€Q;. Specifically, this shows
.Ee\sl(xay)zov .’I)EP;,yEPS/,T’#S

e Const x }/Be\sl(Cl:r:,fl:E) > 0, 0#£zeP

where C is the corresponding Weil operator cf. 2.2.8.

O

Remark 8.7.2. Let G be the Gauss-Manin system associated to a polarized
variation of Hodge structure (Lq, V, F,S) of weight n, with S : Lo ® Lo —

Q(—n) the polarization. Then we have the isomorphism

@Gr}f@ — @HomoX(Grgka,OX) (8.26)
kEZ kEZ

given by (up to a sign factor) A — S(\, —), for A € GrkS.
Remark 8.7.3. The contribution behind Theorems 8.6.1 and 8.7.1 is some
more than what one directly obtains from the proposition 6.5.2 or more

complete form of that 10.2.6 in property 5. Drawing out the polarization
form S from the K. Saito form Pg (or the same K) to obtain positivity
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part of Riemann-Hodge bilinear relations seems not to be very direct. This

is because the variable ¢ or 0; in the two mentioned theorems is quite twisted.

The following corollary is easily obtained in the course of the proof of The-

orem 8.7.1.

Corollary 8.7.4. The polarization S of H"(X o) will always define a polar-
ization of Q, via the isomorphism ®. In other words S is also a polarization

in the extension, i.e. of Q.

Using this corollary and summing up all the material in 8.5, 8.6 and 8.7,
we can give the following picture for the extension of PVMHS associated to

isolated hypersurface singularity.

Theorem 8.7.5. Assume f : C"t!1 — C is a holomorphic hypersurface germ
with isolated singularity at 0 € C"tL. Then the variation of mized Hodge
structure defined in 4.2 is polarized by 5.2.2. This VMHS can be extended
to the puncture with the extended fiber isomorphic to £y in the sense of 8.4
and 8.5, and it is polarized by 8.4.7. The Hodge filtration on the new fiber
Q¢ correspond to an opposite Hodge filtration on H™(X,C) in the way
explained in 8.5.3.

The Riemann-Hodge bilinear relations for the MHS on €2y and its polar-
ization Res is that of an opposite MHS to (H"(X),S). One formally can
formulate the following R-H bilinear relations for Ee\s, cf. prop. 3.1.2, 3.1.4
and 3.1.5.

Corollary 8.7.6. (Riemann-Hodge bilinear relations for Qy) Assume f :
C"t! — C is a holomorphic germ with isolated singularity. Suppose | is the
corresponding map to N on H"(X), via the isomorphism ®. Define

P, = PGr]Y :=ker(f : Gr}V Q= Gr¥_, Q)

Going to W-graded pieces;

Res; : PG}V Qs @c PGr}’Qp — C (8.27)
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1s non-degenerate and according to Lefschetz decomposition

G"f’lvVQf = @frPlfQT

T

we will obtain a set of non-degenerate bilinear forms,

Res;o (id®§) : PGr}Y Qs @c PGr}V Qs — C, (8.28)
Res; = respo (id® C. §) (8.29)

where C is as in 8.6.1, such that the corresponding hermitian form associated

to these bilinear forms is positive definite. In other words,

o Resi(z,y) =0, reP, yePs, r#s

o [fx=£0in P,

Const x respg (Ciz,C. f-.7) >0

where Cj is the corresponding Weil operator, cf. 2.2.8, and the conju-

gation 1s as in 8.10.
Proof. This follows directly from 3.1.2, 3.1.4, 3.1.5, 8.6.1 and 8.7.1. O
Note that the map

_ Ox
-5

is an isomorphism. Thus, the above corollary would state similarly for Ay.

Af — Qf, f — fdl‘odl‘n

Remark 8.7.7. The example in 8.6.5 clearly explains how to formulate the
aforementioned Riemann-Hodge bilinear relations in the quasi-homogeneous
case. In the quasi-homogeneous case comparing with example 8.6.4, the
above corollary is an analogue of the description after the remark 7.2.4 in
Chap. 7.
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8.8 Real Structure vs real splitting

In this section we show the possibility to modify the Hodge filtration in the
commutative diagram of Theorem 8.6.1 in a way to obtain a real split MHS
cf. def. 3.3.6. This is interesting from representation theory point of view
relevant to sly-orbit theorem of W. Schmid in 3.5. In the following we work
with a MHS (H, F,W) and g = gl(H) = Endc(H), where consider g"* as
in 3.16. We begin by the following theorem.

Theorem 8.8.1. ([CKS] sec. 2) Given a mized Hodge structure (W, F),
there ezists a unique § € gﬁl’fl(W, F) s.t. (W,e ®.F) is a mized Hodge

structure which splits over R.

In the course to prove Theorem 8.8.1 one shows the existence of a unique
Z € g~ ! such that

Jrd =e? gt 7 =-Z
The operation Z obviously preserves the weight filtration. We write Z =
—2i0. Define another Hodge filtration by setting
F:=¢°F

Since § € gﬂgl’_l cwt , this element leaves W invariant and acts trivially
on the quotient GTIW. Therefore both F, F induce the same filtrations on
GT'ZVVH . Now it is clear that

e~ 0 JPd — 10 Jpa

gives a real splitting for H.

This non-trivial fact specifically applies to the mixed Hodge structure of
H"(X) and Qy. It means that a modification of Hodge filtration of both
MHS provides a real splitting in the Theorem 8.6.1. Another

Cy:= Ad(e™°).C = Ad(e"®).C,  Ad(g): X — gXg~ ', Ad:G — Gl(g)
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is a real transformation (notation of theorem 8.6.1).

Proposition 8.8.2. The bigrading J*? defined by J? := e, JP9 is split
over R. The operator Cy = Ad(e?).C - Qy — §Qy defines a real structure on
Q.

This says if Q71 = ®p<qJ? then

0 =000 0@RY.  TT=RY
p

The statement of theorem 8.6.1 is valid when the operator C is replaced
with C’l;

S(@fl(w), CIfl(n)) =% X resf’o(w,él.n), 0#£#xeC (8.30)

and this equality is defined over R. The content of the Theorem 8.8.1 is
related to the sly-orbit theorem, cf. 3.5. The real splitting I{? = W
corresponds to a semisimple transformation Y;.v = (p+q—k).v for v € 11",
Then the pair {Y1, N} can be completed to an sla-triple {N;", Y1, N}. N is
real and 4, Y1, N;© € gg are infinitesimal isometries of the polarization [CKS]
page 477. This shows that {1; can be equipped with a MHS that is real split

and is a sum of pure Hodge structures, cf. (3.18).

Q=P D
k ptq=k

and also an slo-triple {f{,Y7,§} as infinitesimal isometries of the bilinear
form Res 7,0 which are morphisms of the MHS (F], W) explained above and
are of types (1,1),(0,0),(—1,—1) respectively. The computation of the en-
tries of the matrix § involves complicated formulas on periods which are out
of this volume.

There is one more word to be mentioned here. That is in the construc-
tion of theorem 8.6.1, although the map C' seems to be a linear map between

vector spaces, however it can also be thought of as a bundle map of the cor-
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responding VMHS. In this way it is a C°°-map, because the decomposition
into Deligne-Hodge sub-bundles is in general C*°. In proposition 8.8.2 it is

this bundle map that considered.

Example 8.8.3. [GGK1] We provide an example of real splitting by the

orbit of a nilpotent transformation. Consider Hg = EB% Qe;, where,

0 0 0 1
0 0 1 0
eg = , e1 = , ey = , e3 =
0 0 ! 1 ? 0 ° 0
1 0 0 0
with the bilinear form
00 0 -1
00 -1 0
©= 01 0
1 0 0

and the nilpotent operator

00 0 O
1 0 0 O

N = , FP ={es3,....,e,}(3>p>0
L (€3 eph3 202 0)
00 —1 0

Then N and FP, define a nilpotent orbit where the limit mixed Hodge
structure (F/,W(N)) is R-split. The sly-triple associated to this orbit is

30 0 0 030 0
01 0 0 004 0
H= , Nt=
00 -1 0 000 -3
00 0 -3 000 0

Let
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Then, define:
6
3| 6¢
ug = — exp(ilN)eg = \2[ _;
i
—6 6
V3| —6i V3| -2 :
Xouz = — X2 ug = ~— X3 ug =
u3 1 5 | u3 5 1 ) u3
i i

Thus, if ug := ?X.u;;, then

{us, ua, ug, s}

defines the desired real splitting.

SES
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Applications

In this chapter, we give several applications of the Theorems 8.6.1 and 8.7.1

to other problems relevant to Hodge theory.

9.1 Hodge index for Grothendieck residue

Hodge theory assigns to any polarized Hodge structure (H, F,S) a signa-
ture which is the signature of the hermitian form S(Ce,e), where C is
the Weil operator, cf. 2.2.8. In case of a polarized mixed Hodge struc-
ture (H, F,W(N),S), where N is a nilpotent operator this signature is de-
fined to be the sum of the signatures of the hermitian forms associated to
the graded polarizations S; : PGerH X PGTZWH — C, i.e signatures of
h; := S;(Cye, N's) for all I. A basic example of this is the signature associ-
ated to mixed Hodge structure on the total cohomology of a compact Kahler
manifold, namely Hodge index theorem. In this case the MHS is polarized
by

S(u,v) = (—l)m(m_l)/Q/ uAvAW"T, u,v € H™.
X

where w is the Kahler class. The signature associated to the polarization S

is calculated by W. Hodge in this case.

Theorem 9.1.1. (W. Hodge) The signature associated to the polarized
mixed Hodge structure of an even dimensional compact Kahler manifold is
> pg(—1)IRP9 where the sum runs over all the Hodge numbers, h?9. This

signature is 0 when the dimension is odd.

Similar definitions can be applied to polarized variation of mixed Hodge

structure, according to the invariance of Hodge numbers in a variation of
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MHS. In the special case of isolated hypersurface sigularities, the polariza-

tion form is given by S.; © 51 where

S+1(a,b) = Sy (i*a,i*b), a,be H"(Xx)£1

Si(a,b) = Sy (i*a,i*Nyb), a,be H"(Xoo)1
A repeated application of theorem 9.1.1 to the situation of 5.2 gives the
following,

Theorem 9.1.2. [JS5] The signature associated to the polarized variation
of mized Hodge structure of an isolated hypersurface singularity with even

dimensional fibers is given by

o= > (=D)WT+2 Y (=174 (~1)7h (9.1)
p+g=n+2 p+g>n+3
where hy = dim H"(X)1,hz1 = dim H"(X)21 are the corresponding
Hodge numbers. This signature is 0 when the fibers have odd dimensions.
Let f : (C"*1,0) — (C,0) be a germ of analytic function having an
isolated singularity at the origin. Consider

(C[[xo, ...,xn]]
(80f7 ) anf) ‘

By Jacobson-Morosov theorem in 2.3.6 or 3.1.2, there exists a unique in-

Ap =

creasing filtration W; on Ay (or A) such that

xf:GrlVA = GrlV,A, xfloarV A= GrM A
Define the primitive components P, = PGerAf = ker fIF1 . GTIVVA —
Gr%A. Then, we obtain a set of non-degenerate forms
Qm : PGriVAx PGriVA — C

The mixed Hodge structure defined on 2y. We defined a MHS on €2y in 8.5
and saw in sections 8.6 and 8.7 that it is polarized by the form }?es\f in a

way that the map ® is an isomorphism of polarizations.
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Theorem 9.1.3. The signature associated to the modified Grothendieck
pairing Res 1,0 associated to an isolated hypersurface singularity germ f; is
equal to the signature of the polarization form associated to the MHS of the

vanishing cohomology, given by (9.1).

Proof: Trivial by Theorems 8.6.1, 8.7.1.

9.2 Asymptotic Hodge theory and Geometry of

Deligne Decomposition

The concept of opposite filtrations plays an important role in the study of
asymptotic behaviour of a VMHS and Mirror symmetry. In this section we
compare the theorems 8.6.1 and 8.7.1 with some results in asymptotic Hodge
theory due to G. Pearlstein and J. Fernandez, [P2] developing some works
of P. Deligne, [D2]. We begin by the following definition;

Definition 9.2.1. A pure, polarized C-Hodge structure of weight k over S
consists of, a local system of finite dimensional C-vector spaces V¢ over S
equipped with a decreasing Hodge filtration & of V = V¢ ® Og by holomor-
phic sub-bundles, and a flat (—1)¥-symmetric bilinear form Q : V x V — C
such that

e F and F are opposite filtrations.
e JF is horizontal, i.e. V(F) C F® Qk

e () polarizes each fiber of V.

A variation of graded polarized C-mixed Hodge structure is defined analo-
gously having horizontality for F', and a collection of (Gr}y, ?Grkw, Qx) of

pure polarized C-Hodge structures.
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Theorem 9.2.2. (P. Deligne) Let V — A*™ be a variation of pure polarized
Hodge structure of weight k, for which the associated limiting mixed Hodge
structure is Hodge-Tate. Then the Hodge filtration F pairs with the shifted
monodromy weight filtration W[—k], of V, to define a Hodge-Tate variation

over a neighborhood of 0 in A*™.

Theorem 9.2.3. ([P2] Theorem 3.28) Let 'V be a variation of mized Hodge

structure, and

V=P
p.q

denotes the C°-decomposition of V to the sum of C*°-subbundles, defined
by point-wise application of Deligne theorem. Then the Hodge filtration F of

V pairs with the increasing filtration

Uy =Y F1nw, (9.2)
k

to define an un-polarized CVHS.

Remark 9.2.4. Given a pair of increasing filtrations A and B of a vector

space V one can define the convolution A x B to be the increasing filtration

AxB= ) A.nNB, (9.3)
r4+s=q

In particular for any F setting FY = F~", then the increasing filtration U
is given by the formula
U=FV*W (9.4)

Theorem 9.2.5. (G. Pearlstein-J. Fernandez)[P2] Let V be an admissible
variation of graded polarized mized Hodge structures with quasi-unipotent
monodromy, and V = @&IP1 the decomposition relative to the limiting mized

Hodge structure. Define
U, = e (9.5)

a<p

and g- = {a € gc|la(Uy,) C Uj_1}, then;
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(a) U’ is opposite to Fs,. Moreover, relative to the decomposition

o= (9.6)

(b) If ¥(s) : A*™ — D is the associated untwisted period map, then in
a neighborhood of the origin it admits a unique representation of the
form

Y(s) = e'®) Fyg (9.7)
where T'(s) is a g—-valued function.

(c) U’ is independent of the coordinate chosen for Fy,. Moreover,

U' =FY, «W =FY +W. (9.8)

Here above F);;, is an arbitrary element in the nilpotent orbit of the limit
Hodge filtration corresponded to the nilpotent cone (i.e. positive linear
combination) of the logarithms of the generators of the monodromy group,
i.e Frip = exp(z1N1 + ... + 2, N;) Fx where N}, are logarithms of different

local monodromies, cf. [P2].

Theorem 9.2.6. LetV be an admissible variation of polarized mized Hodge
structure associated to a holomorphic germ of an isolated hyper-surface sin-
gularity. Set

U =FY xW. (9.9)

Then U’ extends to a filtration U’ of V by flat sub-bundles, which pairs with
the limit Hodge filtration & of 'V, to define a polarized C-variation of Hodge

structure, on a neighborhood of the origin.

Proof. The first part of the theorem that the two filtrations F, and U’ pair
opposite together in a neighborhood of 0 was shown in sec. 8.5, see also

Theorem 9.2.3. The way that it is polarized is the content of Theorems
8.6.1, 8.7.1 and 8.7.4. O
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Remark 9.2.7. [P2] Associated to a MHS (F, W) the inclusion

Prcwinrti=gr (9.10)

s<gq k s<q

is easily verified. For VMHS, V, the Griffiths transversality for ¥ induces a

similar one for the increasing filtration Us,;
VU, C U @ Uy (9.11)

To the C*°-vector bundle
E=vw, vw=gI (9.12)
p q

F, U are the two filtrations associated. Then Griffiths transversality is equiv-
alent to saying that the decomposition defines a complex variation of Hodge

structure.

The polarization of a complex variation of Hodge structure will probably
be interpreted to mean a parallel hermitian form which makes the system of
Hodge bundles VP orthogonal, and becomes positive definite on multiplying
the form by (—1)” on VP. Suppose that in the situation of Theorem 8.6
there is any such hermitian form R. Then, on the one hand since R and U’
are flat, so is the orthogonal complement of U];_l in U:z/r On the other hand,
the way things have been setup, the orthogonal complement of U, ; in U,

is exactly

VP = Ul N EP (9.13)

But this is the system of Hodge bundles, and so the Hodge filtration is also

flat. The above discussion also proves the following,

Corollary 9.2.8. The mized Hodge structure on the extended fiber Qf de-
fined in 8.5, can be identified with

QU =FL+W)
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where ® is as in 8.5.

9.3 Family of curve Jacobians

Let V be a complex vector space and A a discrete lattice of maximal rank.
Let II = (m;;) be the 2n x n matrix such that

dr; = Z TialZao + TiadZa
a

(IT, IT) is the matrix of the change of basis from {dz,,dZs}. A necessary and
sufficient condition for the complex torus M = V/A to be an abelian variety
is given by the well-known Riemann conditions. M is an abelian variety iff

there exists an integral skew symmetric matrix ¢ such that

I.QII =0

and
_V/ATLQI > 0

In terms of the matrix IT = (I, II)

_ H 0
—V/A'TLQM = < o iy )

where H > 0. These conditions can also be written in terms of the inverse

~ Q
matrix §2 = N similarly. There exists a basis for A such that the matrix

of Q) in this basis is of the form
0 A o ’
Q= ° . As = , 0, EZL
-As; 0
0 On

One can modify this process more to choose a complex basis ey, ..., e, such
that Q = (ds, Z) with Z symmetric and ImZ > 0, [G3].
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Theorem 9.3.1. [G3] M = V/A is an abelian variety iff there exists an

integral basis for A and a complex basis for V' such that,

Q= (A(Sa Z)
with Z symmetric and ImZ > 0.

Then the form

n
w = Z 0; dz; A dxpn+i
i=0

namely the (invariant harmonic) Hodge form is non-degenerate and (some
power of that) provides an embedding of M in projective space. The form
w is also called a polarization of M, and d;’s are called elementary divisors
of w. When §, = 1 the abelian variety is called principally polarized.

The basic example of a principally polarized abelian variety is the Jaco-
bian variety of a complex Riemann surface S of genus g. It is given by the
choice of a basis d1, ..., §24 for H1(S,Z) and a basis wy, ...,w, for H(S, 1),

we have

©9
a Z{Ah ) )‘29}

where \; are the columns of the matrix

i = (/ wl,...,/ wg)
5; 5y

We may choose the bases such that

J(S)

/wazdiav 1§Z,Oé§g
A

Then the period matrix is of the form

O =(I1,2)

Thus J(S) is an abelian variety principally polarized given in terms of the
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basis {dx;} for H'(J(S),Z) dual to the basis {\;} € H1(J(S),Z), by

w= Z dxo N dTptq

Geometrically J(S) = H°(S, Q') /H1(S,Z), where Hi (S, Z) is embedded
in H°(S, Q)Y by integration. Then the polarization form w € H?(J(S),Z) =
Homgz(\? Hi(S,7Z),7) is the skew symmetric bilinear form

H(S,Z) ® H(S,Z) — Z

given by intersection of cycles, [G3]. Thus we have shown the following

important fact;

Theorem 9.3.2. (/G3] page 307) Let C be a smooth projective curve over
the field C, and J(C) its Jacobian. Then, the Poincaré duality of H'(C,C)
is identified with the polarization of J(C), given by the ©-divisor.

This theorem simply says that the cup product of H' defines a well-
defined bilinear map on Jacobian of the curve. We want to consider this
situation in a family parametrized by a 1-dimensional variety S. Suppose
that

JHH) = Hyz \ Hy o/ F'Hg o

J(@30 = |J TN

seS*
is the family of Jacobians associated to the variation of Hodge structure in
a projective degenerate family of algebraic curves (here we have assumed
the Hodge structures have weight -1), and dim(S) = 1. Then the fibers of
this model are principally polarized abelian varieties. The polarization of
each fiber is given by the Poincare product of the middle cohomology of the
curves, via a holomorphic family of ©-divisors. We are going to apply the
construction in 8.4 and 8.5 to the variation of Jacobians. To extend J(¥H) to

a space over S, we let § be the Gauss-Manin system on S*, obtained from
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the variation H as in Chap. 6. On S* we have an extension of integral local

classes

0—>Hs;—Js > 7Zs—0

On the Gauss-Manin systems we get

0—-M-—=N-=QLn -0
with Qf[n] is the trivial module with sheaf of sections Og-.

Remark 9.3.3. A holomorphic section of .J is called quasi-horizontal if it
has a lift to a horizontal section of G. In our case this condition is not

necessary, but it is crucial in higher dimensions.

Similar to the sections 8.4 and 8.5, the first and the last objects in the short
exact sequences extend to the punctures in a way that the extended fiber
is polarized by modified Grothendieck pairing. The extended fiber of the
Jacobian bundle is the Jacobian of the opposite Hodge filtration. In this way
the extended fiber is an abelian variety and principally polarized, with some
O-divisor. Note that we do not obtain any curve on the puncture whose

Jacobian gives the fiber. The extended Jacobian simply is

Xo=JNQy) = Qpz \ Qp/FQ

Theorem 9.3.4. The extension of a degenerate 1-parameter holomorphic
family of ©-divisors polarizing the Jacobian of curves in a projective fi-
bration, is a ©-divisor polarizing the extended Jacobian, i.e the Jacobian

associated to the pure Hodge structure in the extension.

The above theorem should be understood as follows. At the level of local

systems (Hodge structures) we have the diagram of flat pairings,
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k: H @ H — C
\: \

ky: J ® J — C (9.14)
\: \

x: Q ® Q — C

The extension of the first and the last provides an extension of the middle
line. Similar non-degenerate bilinear forms can be defined on the Gauss-

Manin modules, where the above diagram is its reduction on fibers;

K: § ® § — C[tt

3 \J
K;j: N ® N — C[tt (9.15)
3 \J

x: Qf ®» Qf — C[tt7

where the map in the first line is the K. Saito higher residue pairing.

9.4 Modules over Hypersurface rings

A hyper-surface ring is a ring of the form R := P/(f), where P is an arbitrary
ring and f a non-zero divisor. Localizing we may assume P is a local ring of
dimension n+1. As according to the title we assume P = C{xy, ..., z,,} and f
a holomorphic germ, or P = C[xy, ..., z,,] and then f would be a polynomial.
Then we are mainly interested to study finitely generated modules over these
rings. Consider f : C"*! — C in this form, and choose a representative for
the Milnor fibration as f : X — T, where T is the disc around 0.

Then, through all the rest of this section we assume 0 € C"*1 is the only

singularity of f.

A matrix factorization of f in P is a pair of matrices A and B such that
AB = BA = f.id. It is equivalent to the data of a pair of finitely generated

free P-modules
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do: X' s X1 dy, dod; = didy = f. id

It is a basic fact, discovered by D. Eisenbud, that the R-modules have a
minimal resolution that is eventually 2-periodic. Specifically, In a free res-
olution of such a module M, we see that after n-steps we have an exact

sequence of the following form.

0—-M —-F,1—=F,9—..5F—=M-=0 (9.16)

where the F; are free R-modules of finite rank and depthr(M') = n. If
M’ = 0 then M has a free resolution of finite length., If M’ # 0, then M’
is a maximal Cohen-Macaulay module, that is depthr(M') = n. So "up to
free modules” any R-module can be replaced by a maximal Cohen-Macaulay
module. If M is a maximal Cohen-Macaulay R-module that is minimally

generated by p elements, its resolution as P-module has the form

0 PP & pr 5 M - 0
B
ool +0
0O - PP =5 PP - M — 0

where A is some p x p matrix with det(A) = f9. The fact that multiplication
by f acts as 0 on M produces a matrix B such that A.B = B.A = f.I, where
I is the identity matrix. In other words we find a matrix factorization (A, B)
of f determined uniquely up to base change in the free module PP, by M.
This matrix factorization not only determines M but also a resolution of M

as R-module.
. > RP 5 RP - RP - M — 0
So a minimal resolution of M looks in general as follows
. > Go>F—>G—F,_1—..>Fp—>M-=—0
As a consequence all the homological invariants like Tor,f(M ,N), Ext’f%(M , M)

are 2-priodic, [BVS], [EP].
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The category of matrix factorizations of f over R, namely M F(R, f); is
defined to be the differential Z/2-graded category, whose objects are pairs
(X,d), where X = X% @ X! is a free Z/2-graded R-module of finite rank
equipped with an R-linear map d of odd degree satisfying d> = f. idx. Here
the degree is calculated in Z/2. Regarding to the first definition

g— 9 d . =1 id
di 0

The morphisms M F (X, X') are given by Z/2-graded R-module maps from
X to X’ (or equivalent between the components X? and X!) provided that
the differential is given by

d(f) =dxs o f— (~1)/Ifodx. (9.17)

Here dx or d’y may be considered as the matrix given above or to be sep-
arately do and dy, and also it is evident that d(f)? = 0. By choosing bases
for X0 and X' we reach to the former definition, [EP].

M. Hochster in his study of direct summand conjecture defined the fol-

lowing invariant namely O-invariant.

Definition 9.4.1. (Hochster Theta pairing) The theta pairing of two R-
modules M and N over a hyper-surface ring R/(f) is

O(M,N) :=U(Torf (M,N)) —(Torft . (M,N)),  k>>0

This definition makes sense as soon as the length appearing are finite. This

certainly happens if R has an isolated singular point.

Example 9.4.2. [BVS] Take f = 2y — 2%, M = C[[zyz]]/(z,y). A matrix
factorization (A, B) associated to M is given by

And T orf(M , M) is the homology of the complex
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----- — Cl[y)I* = C[ly]]* — Cl[y)) — 0

(0) ()

So we find that ©(M, M) = 0.

where

Hochster theta pairing is additive on short exact sequences in each ar-
gument, and thus determines a Z-valued pairing on G(R), the Grothendieck
group of finitely generated R-modules. One loses no information by tensor-
ing with Q and so often theta is interpreted as a symmetric bilinear form
on the rational vector space G(R)qg. It is basic that Theta would vanish
if either M or N be Artinian or have finite projective dimension [MPSW],
[BVS]. The O-invariant has different interpretations as intersection multi-

plicity in the singular category.

Theorem 9.4.3. [BVS] When M = Oy = R/I,N = Oz = R/J, where
Y, Z C Xy are the sub-varieties defined by the ideals I, J respectively, then
©(0y,0z) =i(0;Y, Z)
in case that Y N Z = 0. Here i(0;,) is the ordinary intersection multiplicity

in CTL,

By additivity over short exact sequences and the fact that any module admits
a finite filtration with sub-quotients of the form R/I, knowing O(Oy,0z)
determines O(M, N) for all modules M, N.

Theorem 9.4.4. [BVS] Assume f € C[[z1,...,Zam+2] is a homogeneous
polynomial of degree d, and Xo = f~1(0) € C*™*2 and T = V(f) € p?m+!
the associated projective cone of degree d. LetY and Z be also co-dimension

m cycles in T. If Y, Z intersect transversely, then

O(0y,0z) = —gllYI.[1Z]
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Where [[Y]] := d[Y] — deg(Y').h™ is the primitive class of [Y], with h €
HY(T) the hyperplane class.

The primitive class of a cycle Y is the projection of its fundamental class
[Y] € H™(T) into the orthogonal complement to hA™ with respect to the
intersection pairing into H*™(T) = C. As h™.h™ = d = deg(T) and
[Y].h™ = deg(Y') the description of the primitive class follows. Substituting

the claim can be reformulated
O(0y,0z) = —3[[Y]I.[[Z]] = —d[Y].[Z] + deg(Y)deg(Z)

Where [Y].[Z] denotes the intersection form on the cohomology of the pro-
jective space, [BVS].

When f in consideration is a homogeneous polynomial of degree d, such
that X := Proj(R) is a smooth k-variety, the Theta pairing is induced, via
chern character map, from the pairing on the primitive part of de Rham
cohomology

H=D/2(x ) HCY/2(X,C)
CA-D2 T CAm-D/2

—-C
given by

(a.5) = (f aUyD/2)(fy aUA"=D/2) —d( [, aUb)

where v is the class of a hyperplane section and theta would vanish for
rings of this type having even dimensions. When n = 1 by 4 we mean
1 € H(X,C), [MPSW].

Theorem 9.4.5. [MPSW] For R and X as above, if n is odd there is a

commutative diagram

G(R)®2 (K(X)Q)®2

Q «
@l l(ch"—”?)@ (9.18)
(C H(nil)/2(X7 (C) )®2
0 C.y(n-1)/2
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Theorem 9.4.6. [MPSW] For R and X as above and n odd the restriction
of the pairing (—1)"+1/20 to

HM=1/2(X,C)
—1

im(ch"T ) : K(X)g/a —
Coy e

is positive definite. i.e. (—1)"tD/20(v,v) > 0 with equality holding if and
only if v = 0. In this way 0 is semi-definite on G(R).

Proof. [MPSW] Define

1

W= H"{(X(0),Q nH"T " (X(C))
It is classical that the image of ch(® /2 is contained in W. Define e :
W/QAn=1/2 — H™1(X,Q) by

n—1)/2
ea) = a— fx‘wz()/ﬁ(n—n/z cw

We know that 6(a, b) = —d.I®"(e(a), e(b)) Now the theorem follows from the
polarization properties of cup product on cohomology of projective varieties.
O

The Hochschild chain complex of M F(R, f) is quasi-isomorphic to the
Koszul complex of the regular sequence Oy f, ..., 9, f. In particular the Hochschild
homology (and also the Hochschild cohomology) of 2-periodic dg-category
MF(R, f) is isomorphic to the module of relative differentials or the Jacobi

ring of f, [D].

Theorem 9.4.7. (T. Dykerhoff) [D], [PV] The canonical bilinear form on
the Hochschild homology of category of matriz factorizations € = M F (P, f)
of f, after the identification

HH,MF(P, f) = Af @ dx[n] (9.19)
coincides with

(g ® dx,h @ dz) = (=1)"" D/ 2pes.0(g, h) (9.20)
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The chern character or Denis trace map is a ring homomorphism
Ch:K()(X) —>HHO(X) §Qf (9.21)

where K’ is free abelian group on the isomorphism classes of finitely gen-
erated modules modulo relations obtained from short exact sequences. The
construction of chern character map or chern classes is functorial w.r.t flat
pull back. In the special case of 7 : X — Y the compactification, the
following diagram commutes,

chy

(I)—l
Kj(Yo) —— HHo(Yo) = Qf —— H"(Yx)

ﬂ lz lz (9.22)

K{(Xo) —— HHy(Xo) %Qf — H"(Xw).
chx oLt
Given a matrix factorization (A, B) for a maximal Cohen-Macaulay M, one
can find de Rham representatives for the chern classes. Consider C[[zo, ..., Zy]]
as a C[[t]]-module with ¢ acting as multiplication by f. Denote by QP the
module of germs of p-forms on C"*! and let Q’} = QP/(df A QP7L). One
puts w(M) = dA A dB. The components of the chern character

chyy = tr(exp(w(M))) = Z awi(M) (9.23)
are well-defined classes
w' (M) = tr((dAAdB)") € QF /(df ANQ* 1) (9.24)

There are also odd degree classes
7' (M) := tr(AdB(dA A dB)") € Q3+ /QF

The group Q?f“/dQ?f can be identified with the cyclic homology HC;(P/C{t}).
They fit into the following short exact sequence such that dn'~! = wi(M).

0— QF1/QF2 = Q%/(df AQ¥T) = QF/Q%1 - 0
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If the number of variables n + 1 is even, then a top degree form sits in the

Brieskorn module
3 = Qn/(df A dY)
f

a free C[[t]]-module of rank p. The higher residue pairing

K3 x5 o cpt, 7Y

of K. Saito can be seen as the de Rham realization of the Seifert form of the

singularity, [BVS]. The following theorem is conjectured in [MPSW].

Theorem 9.4.8. Let S be an isolated hypersurface singularity of dimension
n over C. Ifn is odd, then (—1)"+1/2@ is positive semi-definite on G(R)qg,
i.e (=1)"D/20(M, M) > 0.

Proof. By additivity of © on each variable, we may replace M, N by maximal
Cohen-Macaulay modules. According to this, determination of the sign of
© amounts to understanding how the image of chern classes look like in the
MHS of Q. By theorem 3.2 it amounts to the same things for the image in
H™(X ) under the isomorphism ®. The following diagram is commutative
by the functorial properties of chern character.

<I>;,1ochy

Kp(Yo) H"(Yoo)

l J (9.25)

K{(Xo) —— H"(X).

@;(1 ochx

We are assuming that ¢* is surjective. By what was said, the chern class
we are concerned with, is a Hodge cycle. The commutativity of the above
diagram allows us to replace the pre-image of the chern character for X,
with similar cycle upstairs. Because the polarization form Sx was defined
via that of Sy. Thus, if

Hn(Yoo) = @erq:an,q
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be the Hodge decomposition, the only non trivial contribution in the cup
product will be for the H™?2"/2 and the polarization form is evidently
definite on this subspace (Hodge cycles). Note that here the corresponding
chern class should lie in H;r Because the map Ny is of type (—1, —1) for the
Hodge structure of H" (Y, ) and the polarization Sy (H™/>"/2, H™/2=1n/2=1) —
0 for obvious reasons. In this way one only needs to prove the positivity
statement for Hochster © when the chern character is in Hy, 1, and this is
the content of Theorem 2.8. O

9.5 Fourier-Laplace Transform of Polarization

The extensions of PVMHS can be explained by described by Fourier-Laplace
transform of sheaves. For the set up, let § be the Gauss-Manin system
associated to the VMHS (J, F, W) as before. we consider G(xo0) = §®

Dp1(x00) and define its Fourier-Laplace transform by

Gi=qr(pTG(x00)) @ €TT), &7 = (Opiye, V =d — 7dt — tdr)

Here p : P! x C — P! and ¢ : P! x C — C are projections and upper
(resp. lower) + denote the pull back (resp. pushforward) in the category of
D-modules. By a D module over a complex manifold X we mean an Ox
module (i.e. sheaf of Ox-module as in algebraic geometry) together with
an action of flat connection V on that. This is equivalent to define a Dx-
module as a sheaf on T% the co-tangent bundle of X. The Fourier-Laplace
transform of G can also be defined as, (cf. [SAT])

~

G = coker(C[7] ® Vizndt Clrl®9), T.m := Op.m
If we have a polarization as

K : H ®¢H — LR

where £~ is the set of elements (distributions) of the form, (cf. [SA4])
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> C{t}t TR (og [t])P
a’p
The above bilinear form carries over

K30 R0 H - LR-an

(Here 7 : P = CNoo — Plis 2 = —z and +T is necessary for we use
exp(t7) not exp(—t7) ) In a way that the distribution on the integral is
twisted by exp(—t7).exp(t7). The product after Fourier transform is

O rmadt @ (Y ring)dt s [ = > k(mi,ny)TiF e e Tydt A di]

i?j
up to a complex constant, [SAT7].

Example 9.5.1. [SAT7]
o §=C[t){(0)/(t — c) = K(m,m) = é, K(m,m) = i/2r exp(er — c7)
o §=C[t](d)/(t0—a) = K(m,m) = [t|**, K(m,m) = T(a+1)/T(—a)|r|2+D

Theorem 9.5.2. [SA4/, [SAT] Assume (G, F,W, H,S) be a polarized MHM
(hence regular holonomic) with quasi-unipotent underlying variation of mized
Hodge structure K, defined on a Zariski dense open subset U of an algebraic
manifold X. Then, G has a smooth extension to all of X Given by the
Fourier-Laplace transform of G, and similar for the perverse sheaf H. The
extended MHM (resp. perverse solution) is also polarized. The polariza-
tions on the fibers can be described by the Fourier-Laplace transform of the

polarization of G and H.

Theorem 9.5.3. ([DW], page 53, 54, prop. 2.6 - [SAT] sec. 5) Assume
H' = R"f,Cx: be the local system associated to a holomorphic isolated sin-
gularity f. Consider the map
F Qi i | Hom(Ha (X, f‘l(n.ﬁ),z) ~ @,ZT;, C)
z
z
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w [z = (I — ﬂ e_t/zw)],
r;

and define

H :=Im(F)
where T; are the classes of Lefschetz thimbles, and T; is the extension to in-
finity. Then the vector bundle H is exactly the Fourier-Laplace transform of
the cohomology bundle R"™ f.Cx: = U H"™ (X, C), equipped with a connection
with poles of order at most two at co.

(H', V") S (H,V)

Compairing this with Theorem 8.6.1 , 8.7.1 and 3.4.1 we obtain the following

important corollary.

Corollary 9.5.4. In case of the PVMHS associated to the Milnor fibration

of an isolated hypersurface singularity f, the modified Grothendieck residue
Resjo = resgo(e, Cs)

where C is defined relative to the Deligne-Hodge decomposition of Q as
before, is the Fourier-Laplace transform of the polarization S on H™ (X, C),
that is

Proof. The corollary follows from 8.7.5, 9.5.2, 9.5.3 and the uniqueness of
the polarization form of mixed Hodge structure, namely mixed Hodge metric
theorem, 3.4.1. ]

Remark 9.5.5. Another important fact is that, a polarization of the form

K:H ®9 3 — C[t,t™]
induces an isomorphism
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HY 2y H

We can glue the above bundles by this isomorphism obtained from the polar-
ization. Thus, the process of gluing is equivalent to polarization. Therefore,

in the situation of 8.4 and 8.5, we have

I

F OV g, = Q}/ o m

as PVMHS, and PMHS respectively. The corresponding connections are
given by

V’:J—C’ﬁl(ﬂ@f}(’, V:H—- 200K
z

respectively, [DW] exp. 1, C. Sabbah, pages 12, 13.
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Further Studies

10.1 Primitive elements

In this section we explain primitive elements as basis for primitive subspaces
of vanishing cohomology, and try to explain the conjugation map on van-
ishing cohomology of an isolated hypersurface singularity, via elementary
sections.

Assume G the associated Gauss-Manin system of the isolated singularity
f:C"! — C and ¢, ..., ¢y, a frame basis for § and (a, s) is the spectral
pairs of f. According to [SA2] it is possible to choose the basis in a way

that we have the following recursive relations;

Gsiyrk = O [ [0 — Y by, 1<i<r 1<k <k (10.1)

for specific numbers 0 < s(1),...,s(r) < p. In this way we reach a set of
forms ¢(;) indexed by spectral numbers which produce other basis elements
by applying the operators td; — « successively. They also describe GerGrXS
concretely. These forms are called primitive elements relative to the nilpo-
tent operator induced by t9; — a on C,. They provide information about

the Jordan blocks structure in G. If we denote the Jordan block as
B = <Nj[wk0} |7 =0,..., k),

then it holds that;

- Blfa’l,k,l, «Q G]O, 1[ (10 2)

a,l —
Bo -1, a=0
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See [SA2] for the proof.

Proposition 10.1.1. [SA5], [SA2] There is a 1-1 correspondence between
opposite filtrations on H™" (X )c and free, rank u, C[t]-submodules Goo on

which the connection is logarithmic where So, Soo define a trivial vector bun-
dle on PL.

The submodule G, in Proposition 10.1.1 is given by;

Goo = C[t]{[wo], ---, O; [wo], -, O °" [wr])-

The primitive elements provide the good bases of the Brieskorn mod-
ule. They also prove the existence of a solution to The Poincare-Birkhoff

problem. In such a basis the matrix of the operator ¢ has the form;

t=Ag+ Alat_l (10.3)

where Ay, Ay are square matrices of size y and A; is a diagonal matrix. It
holds (cf. [SA5], [H1]) that, in such a basis the K. Saito higher residue form
[S1] takes the form

Kf(nianj) = iéﬁ(i)j.(?{”_l, (10.4)

where § is the Kronecker delta and « is an involution of the set {1, ..., u} as in-
dex set of a specific basis of § namely {n;}!_;. The extension of an PVMHS’s
may be explained by the solvability of the Poincare-Birkhoff problem associ-
ated to the Gauss-Manin systems. One step in solving the Poincare-Birkhoff
problem for the Gauss-Manin system of f is to glue different lattices in the

Gauss-Manin vector bundle to obtain a vector bundles over CP(1).

Example 10.1.2. The equation (10.2) completely explains how to do con-

jugation on the elementary sections of the Deligne extension. Specifically

Pl (B (log 1) T Ay _q ), a €]0,1]

ot (log 1) Ag 1) = s
¥y ((log t)! Ag,—1), a=0
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where v is the size of the corresponding Jordan block. Regarding the map
® defined in 8.5, the conjugation on 2y must should satisfy similar re-
lations. That is the conjugate of an element in Gr{“/GerQf is either in
Gr‘lfaGrEile or GTOVG’I“EKZQ]@, in respective cases, such that the corre-

sponding sections of vanishing cohomology satisfy the above.

10.2 Higher residues

K. Saito [S1], [S2] introduced the concept of higher residue pairings K l(f), k=
0,1,2, ... which are defined on the relative de Rham cohomology module ﬂ{g”‘)
of the family F' and take values in the ring Or of holomorphic functions on
the parameter space. The introductory material in this section are taken
from [S1].

For a holomorphic isolated singularity germ over the disc take a represen-
tative of the Milnor fibration f : X — T. In the following we have re-
placed the germ f by a universal unfolding of it. A universal unfolding of f
parametrized by S is by definition, a map F': Z C X x S — C such that
F(0) = f. We briefly review the machinery which K. Saito.

Let
Qp = Q537 /df AN g

Definition 10.2.1. (E. Brieskorn) [B], [S1]

F(0) — J—C;O) = f*(Q’;’J}/df N dQ?{?le)

HOD = 967D 1= (U /df AU+ AU -

There is an exact sequence

0— HED 2 50 5 £0r 0. (10.5)

We regard H(=1) as a sub-module of K by this exact sequence. There

exists a natural operation of Gauss-Manin Connection,

V=20 :HEY - O, (10.6)
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One obtains a decreasing filtration on H(® by
HEFD = fw e HED : 9y w e HERY, kE>1

0— 3+ Ly g0 5 £.0, 0
VR g,

We define
- g{(o)
HO) := lim fk
— }C;_ )
where we have
N =0 (10.7)
k=0

K. Saito similarly considers the dual flat vector bundle (), V) with the

dual connection, and writes

0— £ — 7O Ly 5¢0 0, (10.8)
vV HO W), (10.9)

and regards H) as a quotient of H(® via this sequence. We then obtain

0— £y — HF) — F(*+D 5 0
Vo HE) 5 gk+D),

By local duality for residue pairing ([S1], [G3] page 659 and 693); we have

Op-bilinear maps

HO x KO 5 Op
HED x HD - 0p

which induces an infinite sequence of Op-dualities
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HE x HE) — Op
Using £ = 0 in former exact sequences one obtains the following exact
sequence
0— HY - HO X 7O 51 0 (10.10)
where y is given by the correspondence ¢dx — ¢/(0f /0xg...0f/Oxy,).

Then f,£2; becomes a self dual module, on which the bilinear form,

Res = Resyg = Resxp : f«8dy x fQly — Or

Ppdx )

odv v = Respol g o jamn)

is well-defined.
On the other hand lets consider the set of formal Laurent series in 9, *

with coefficients in Q25 /T

Q=0 = Qxr[[0; N)[04] == { D> _wdf : ko € Z, wy, € Oy}, (10.11)
k<ko

Q°® has an increasing filtration

FFQ®={weQ®, w= ), wp € Wyyr} (10.12)

m<k
The wedge product and the exterior derivative dy,7 of Poincaré complex

0% T naturally extend to 2° by formally requiring that these operations

commute with 9; *.
Lets define d : Q* — Q**, d = 9; 'dx/r — df A (.). Then
dod=0 (10.13)
dFFQ® ¢ FrFQe+t, (10.14)
Proposition 10.2.2. [S1] Consider the natural homomorphisms;
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H — R f,(Q,d)

Then there exists natural 0, L equivariant isomorphisms

—

by« HR) = RrHLE (FRQ, d), k> 1.

Thus the relation between R"™!f,Q°® and the former construction be-

comes of the form

—

& : HO) = RrHLE (FOQ, d). (10.15)

K. Saito [S1], [S2] in this way defines a bilinear map

K = K;: R"£,.(Q,d) x R™ £,(Q,d) — O[[0;1]][04] (10.16)
which induces higher residue pairings
E® = K 350 % 310 - o,
for k € Z.
Definition 10.2.3. (K. Saito) [S1] Denote by K = K the Op-bilinear map
R™(£.2,d) x R"Y(£.0,d) = Or[[0; ']][0]

which is induced by

Ki(w,¢) = ReSX/T[ﬁ(W)- ]

where B(w) = 3 0F(w)d;* and

(=D PRof (=) (-1 Py

Proposition 10.2.4. (K. Saito) [S1] K = K has the following properties,
(w; € R £,Q°),
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(1) PK (w1,wa) = K (w1, ws) = K(wi, ¢w2), ¢ € Or[[0;']][04]
(2) K(wr,w2) = K{wn,w1)
(3) O K (w1,w2) = K(Owwr,w2) + K (w1, Opws).

Definition 10.2.5. If we expand K in a Laurent series in 9; *

K (wr,w) = K (wr,w2)0 ",
k

we get an infinite sequence of Op-bilinear forms
E® = K RY(£.0) x RPY(£Q) » 0p,  kEL
Theorem 10.2.6. (K. Saito) [S1] K®*)’s have the following properties;

1) K®) is symmetric for even k and skew-symmetric for odd k.

2) K*D (w1, wy) = KB (O, wa) = —K®) (wy, Byws)

2) OK®) (W, wa) = K®) (91, wo) + K (wy, Byws)

4) K®) (twy, wo) + K®) (wy, tws) = (n 4+ k) KF D (wy, wy)

5) KO induces the zero map on R"Y(F~1£,Q) x R*1(FO£,Q) so that the
induced bilinear map on

(f*Qf) X (f*Qf)(g gTORn+l(f*Q) X groRn+l(f*Q))

coincides with Resyq.

Theorems 8.6.1 and 8.7.1 explain the relation between the form of K. Saito
K and the polarization form on H" (X, C) in accordance to property 5).
The form K defines a conjugation functor C'y, satisfying squares,

o v

Va V—a

DR | [Prxos Cw) = Kp(w, ) (10.17)

H_, —— HY
C;X‘

where V stands for the V-filtration, A\ = e72™® and DR is the solution

functor. Define
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PGrlVVe = ker(to, — o)t : GrlV Ve — GrW,_, v

We will also obtain a set of positive definite bilinear maps,

Kpyo(id® (t0 — )') : PGr}YV® @c PGr}" V™ — C[t,t™']  (10.18)

Remark 10.2.7. We have included this section in order to realize the close
interactions between Higher residues introduced in 6.5 with the polarization
form in one side and Grothendieck residue on the other side. A reasonable
question is the quantity that Theorem 8.6.1 intersects Theorem 10.2.6 or
the brief in 6.5. First of all there is a positivity criteria established in 8.6.1
from the polarization form, than can not be deduced from 10.2.6. The
inter-relation of K. Saito form with polarizations of the fibers is explained
in the next section. However this relations are extremely complicated to
deduct the second Riemann-Hodge bilinear relations. Mathematically the
fact that two non-degenerate bilinear form are reductions of a global forms
in different charts is not enough to establish they are equal. It seems that
this process according to the properties listed in 6.5 involves some analysis
of residues of the Gauss-Manin connection with respect to different lattices

in the Gauss-Manin system.

10.3 Generalizations

In this last section we embedd our former machinary in a more modern
language, that of D-modules. The D-modules we consider are all equipped
with two filtrations ' and W, and their underlying local system is a perverse
sheaf having mixed Hodge structure. In the literature such D-modules are
also called mixed Hodge modules. An example of this is the Gauss-Manin
system defined in 4.1 or 6.1. However the concept of a mixed Hodge module
is more general, in the way that they can be defined along a stratification
of the ambient manifold, by inductive extensions, beginning from a pure

polarized variation of Hodge structure. In this way the solution sheaf can
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be an intersection cohomology complex. Intersection cohomology complexes
are the basic building blocks of perverse sheaves.

Suppose M is a Dx-module. The sheaf Homp (M, Ox) is called the solution
module of M. The derived functors RHomp (M, Ox) are called higher solu-
tion module of M, [AR], [SP]. The Riemann-Hilbert correspondence, [AR],
[SP] asserts that

RHomp(M,0x) : D% (X) — D°(X,C)

is an equivalence of categories, where D,; means regular holonomic D-
modules. Holonomicity may be thought as a finitness type of assumption for
the solution sheaf of the D-module. A sheaf in D°(X, C) is called perverse if
it is isomorphic to RHomp (M, Ox) or the solution module of some regular
holonomic M, [AR].

Definition 10.3.1. A variation of mixed Hodge structure over the punc-

tured disc D* is admissible if

e The pure variations GrY (L) are polarizable.

e There exists a limit Hodge filtration Fj;, compatible with the one on
GrlV (L) constructed by Schmid.

e There exists a so called relative monodromy filtration U on (E =
L, W) with respect to the logarithm N of the unipotent part of the
monodromy. This means that NU, C Up_o and U induces the mon-
odromy filtration on Gr}V (E).

The concept of admissibility is defined similarly in general and not only
over the disc, [AR], [P2]. This assumption is crucial in the mixed case, [SP],
[SAI5], [P2]. It should be understood as the condition in order that the
VMHS can be extended on the degenerate points. We assume this condition

through the remaining of the text.

Example 10.3.2. A basic example is given by a fibration f : X — A with

D = f~1(0) a normal crossing divisor. It leads to the following diagram
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Xeo U X E
fool lf Jf l (10.19)
H —5— A* A 0

namely Specialization diagram, where the monodromies are assumed to be
quasi-unipotent. X, = X Xxa+ H is called the canonical fiber, [SP].
Suppose f : X — C is a non-constant function on a complex manifold X,
with f~1(0) possibly a degenerate fiber. The nearby cycle functor applied
to F € D’(X) is

U, F = i*Rp.p*F

where p: HxcX — X , i: Xo= f~1(0) — X, and H is the universal cover
of C*. The vanishing cycle functor is the mapping cone of the adjunction

morphism i 1F — ¥ #F. Thus we have a diagram

i*F —— ¢, F = ¢, F —— i*F[-1]

l lT’I lm l (10.20)

0 —— Y, F —— ,F —— 0

Assume Qx[n + 1] is a perverse sheaf (in particular dim(X) = n+ 1). This
is satisfied if X is a local complete intersection. Denote ¥;Qx, ¢;Qx, be

the nearby and vanishing cycle complexes on Xo = f~%(0). It is known that

VQx[n], ¢5Qx[n] are perverse.
Then

YyaQx = ker(Ts — N), ¢71Qx = ker(T — id)

and ¢\ = Yy for A # 1. We know that

HY(Fy,Q)\ = H7 (7,Qx), HI(F,,Q)\ = H(¢7,Qx)

Its relation with monodromy is reflected in the Wang sequence
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— HI(Ly \ Xo) — HI(F,)1 2 HI(F)1(1) — HIP (L, \ Xo) — ...
In order to explain the V-filtration, consider the following example. Let
X = C with coordinate ¢ and ¥ = 0. Fix a rational number r € (—1,0),
and let M = Oc[t~1]t", with §; acting on the left in the usual way. For each
a € Q define V, M C M to be the C-span of {¢t"*"|n € Z,n+r > —a}. The

following properties are easy to check

e The filtration is exhaustive and left continuous: UV,M = M, and
Vote =VoM, for 0 <e<< 1

e Each V,M is stable under tiﬁg ifi > j.
o O,VoM C Vo1 M, and t.V,M C V,_;.

e The associated graded

Ctifaecr+2
GriM =V, Vo =

0 otherwise
is an eigen-space of t0; with eigenvalue —a.

The last item implies that the set of indices that V,M, jumps is discrete.
The above construction is generalized to define the V-filtration for a regular
holonomic D-module on X that are quasi-unipotent along a closed sub-
variety Y. It is indexed by Q. If Y is smooth, then for such a D-module,
there always exists a unique filtration satisfying similar properties as listed
above, called the V-filtration along Y, [SP] page 350. Then t would be
replaced by the ideal sheaf of Y < X. In case Y is not smooth this con-
struction can be done using embedding by graph. For instance, if f : X — C
be a holomorphic function, and and let 2 : X — X x C =Y be the inclusion
by graph.

In the normal crossing case obtained by blow up (or some compactification)

in a locus of an isolated singularity of the divisor, by choosing f to be a
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defining equation of the local divisor, we may reach to a situation similar to
the theorem 8.6.1 when isolated singularity in the normal crossing divisor.

We explain a method of descent on extension and specialization of duality
for D-modules, originally belonged to C. Sabbah and M. Saito cf.[SA4],
[SAI3]. It can also be applied to K. Saito higher residue pairing. Assume
X = Z x C, where Z a complex manifold identified with Z = Z x 0, and
Let M be a holonomic Dx-module. For p € N, set,

p
My, = @ Mt ® eqr (10.21)
k=0

with e, = 0 for £ < 0 and e, 1, = t*(log t)* /k! otherwise.

We have natural maps

Ap,p+1 P P
Map — Mapit, Zk:o Mak ® Cak > Zk:() Mak & €ak
bp+1.p p p
Ma,p—i—l — Ma,p—i—ly Zk:{] Ma,k & €ak Zk:(] Mak+1 @ €ak
N =ap-1p0bpp-1, m& eqk = M €ak—1

Then
P
GrY My, = @ Gr¥M @ Cak
k=0

Define the maps,

Gr¥M — GRY | M, , mo — @ _o (0 — )*mo @ eq

GrYlMa,p — GrY' M, oMk ® eqp > > p_o(t0y — a)kmp,k

For p large enough (actually when (t0; — )P = 0 by 10.21) they induce

isomorphisms;

Coker(t0;) = GrY M = ker(t0,)
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The limit is called moderate nearby cycle module, denoted wtrfgf’dM . The
case of moderate vanishing cycle module qﬁg’ffd is done in similar way, by
considering the inductive system M — M_; ), instead of the single module
M, p, and the action of N is the endomorphism td; on Gry M (see [SA4]

sec. 4). Then we have,
Can= —0;: GrY\M S Gr{ M : t = Var.

which are isomorphism, [SA4]. Let
S:M®M — C[[t,t7 Y]

be a duality. Write formally

WS M @ M — DbZe"O)

p p
ViSO 1k ® eak D Mm@ ear) = Y (Hk,mi)earal
k=0 1=0

k+l=p

be the formal extensions of the bilinear form S according to the above pro-

mod(0)

cedure and where Db is the ring of C*° distributions with moderate

growth in dimension 1. These distributions naturally receive a doubly in-

dexed V-filtration w.r.t the coordinates ¢ and ¢. Dbg()d(o) is the set of ele-

ments of the form, [SA4]

> C{t} it IC{B E ) (og t])?

which is a D¢ ® Dg-module in the obvious way. Then, for —1 < a < 0 we

obtain the induced forms,

UrS : Gr¥ M @c Gr¥ M — C,  ¢18: Gr{ M ®c Gry M — C (10.22)

with properties;
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%5(1\7'7') :1/})\5(.7]\7.)7 ¢1S(N.7.) =¢15('7N°)

which says N is an infinitesimal isometry of the descendants. We will also

obtain a set of positive definite bilinear maps,

a8 ® (id ® N'Y : PGr)Y GrY M @c PGr}YGrY M — C (10.23)

The form S is non-degenerate in a neighbourhood of Z iff all the forms
Py ;S are non-degenerate. Similar statement is true for hermitian or po-
larization forms. The graded pairings ¥»S, —1 < a < 0 are given by the
formal residue of the form S at ¢ = a and ¢ = 0 respectively for ¥,.S.

(o,0)

VA8 = (o, 8) : GrY M @¢c GrY M ‘23’ €

is given as the composition of a Poincare pairing followed by residue map,

P P
@D,\S(Z m @ eql, Zml ® €q,1) = *. Resg—o(S, |t|2*dt A d), x#£0, a#0
=0 =0

for a # 0. The formula for ¢S is similar

$15(e,8) = *. Res—_1(S, [t|**Froedt A di), * %0

where S is the formal extension of S, and Fj,. is the local Fourier transform,
cf. [SA4] sec. 4 . We have proved the following.

Theorem 10.3.3. Assume (G, F,W, H,S) be a polarized MHM (hence reg-
ular holonomic) with quasi-unipotent underlying variation of mized Hodge
structure K, defined on a Zariski dense open subset U of an algebraic man-
ifold X. Then, G and consequently H has a smooth extension to all of X

and the extended perverse sheaf H is also polarized. The polarizations on
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the fibers can be described by residues of the Mellin transform of a formal
extension of the polarization S over the elementary sections, by the two for-

mulas

P Z
w,\5<z m; Q eql, Zml ® eqy) = *. Ress—alS, [t|**dt A dt), x#0, a#0
=0 =0

$15(e,8) = . Resi—_1(S, |t|3Frpedt AdE), % #0

Summerizing all with 8.6.1, 8.7.1, 9.3.6 and 10.3.3 we obtain the following

result stated in the introduction as Theorem 1.0.9.

Theorem 10.3.4. Assume (G, F, W, H) be a polarized MHM with underlying
admissible variation of mized Hodge structure H, defined on a Zariski dense
open subset U of an algebraic manifold X. Assume X \U = D is a normal
crossing divisor defined by a holomorphic germ f. Then the extended MHM
s polarized and in a neighborhood of D, the polarization of the extension
of H is given either by the modified Grothendieck residue associated to the
holomorphic germ f defining the normal crossing divisor as in 8.6.1 or the
usual residues of moderate extension of polarization as in Theorem 10.3.3.
Moreover, the Hodge filtration on the extended fibers are opposite to the limit
Hodge filtration on H. These Hodge filtrations pair together to constitute a

polarized complex variation of HS.

Proof. When we are locally dealing with an isolated singularity of the normal
crossing divisor the polarization is given by the modified residue as in 8.6.1
and 8.7.1, with f the local defining equation of the divisor. The other case is
when dealing with a higher dimensional locus on the divisor that is a smooth
submanifold, then we are in a situation as in 10.3.3. The oppositeness of

filtrations is a consequence of 9.2.6, or the discussion in 8.5. ]

The result on the family of Jacobians in section 9.3 can be extended as

follows. Let H be a variation of Hodge structure. We are interested to
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family of intermediate Jacobians

J(Hs) - Hs,Z(p) \Hs,(C/FpHs,(C

J(3) = | J(H,)

s€S*
associated to such VMHS, called A Neron model of H (here we have assumed
the weight is 2p-1). The sections of the bundle J(H) are called Normal

functions. Again like 9.3 we have the equality

J(H) = Extpyys(Z(p), He) (10.24)

where the right hand side is the extension in the category of admissible

polarized variation of Hodge structures, [SAIT].

Theorem 10.3.5. The limit of the Poincare product on the canonical fibers
of the Neron model of a degenerate admissible variation of Hodge structure H
s given by the modification of the residue pairing or induced by the residues
as in 10.3.3. The extension describes the limit Jacobians as the Jacobians
of the Opposite Hodge filtration on J.

Proof. The same diagrams as (9.14) and (9.15) are also valid in this case,
subject to the condition that one only works with sections of J(H that are

quasi-horizontal, i.e that have a lift to a flat section on H. O

Extensions of normal fuctions is one of the most important questions in
Hodge theory. Their infinitesimal invariants, i.e those properties related to
the Gauss-Manin connection are one of the active research areas related to

Hodge conjecture.

Example 10.3.6. We give an example of a degenerating Neron model for
Jacobian bundles, to provide some picture of the construction, and leave
more details for further studies. The example is taken from [SCHN], page
52 and belongs to M. Saito. Lets remark that there exists different notions

of extensions for Jacobian bundles. In this example we only describe its
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construction over a Deligne extension. The minimal extension process is left

to the reader as above. Let Hy = Z*, with R-split Hodge structure given by
Y1t e %29 129 and S be given by

o = O O
= o O O

and nilpotent operator

o O O O

o O O =

o O O O

(=R =)

o O O =

o O = O

Let w € C have I'm(w) # 0. If the mixed Hodge structure be split over Z,

we may set

t=c

E = © ©
- o O

&l

!t=c

o o &€ &

t=c

These data define an R-split nilpotent orbit on (A*)2, by the rule (z1, 22) —

es1Nit22No B where F is given by 179, it is a pull back of a nilpotent orbit on

(A*)2 by the map (z1,22) — z122. F° on the Deligne extension is spanned

by

€y —

E ~ © ©
& | =
o o &€ R

It has a presentation as

o O &€ =
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0

—s
S2
0O =7 0=5F">50

Thus F? is the subset of A2 x C? given by the equation s;v; = sav9, using the
coordinate (s1, $2,v1, v2,v3). Therefore the Jacobian bundle T, is a bundle of
rank 2 outsite the origin and has fiber C? over 0. Lets look at the embedding

of Ty. If h € Z* is any integral vector, one has

S(eo, 621N1+22N2h) = (2’1 + 22)(h3 + h4w) — (hl + hgw)
S(ej,621N1+22N2h) = —(h3 + hqw)/s;, ji=1,2

Then the closure of 17 is given by

(hg + h4w) (hg + h4w)

(627rizl7€27riz27 (Zl + ZQ)(hg + h4w) — (hl + hQOJ), - o2miz1 y — o2miza )

Then the Jacobian bundle over (A*)? consists of usual intermediate Jaco-
bians, however over 0 is J x C2, and over remaining points with siso = 0 is
J x C, where J = C/Z + Zw (see the reference for more details).
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